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FINITENESS OF LOG ABUNDANT LOG CANONICAL PAIRS IN
LOG MINIMAL MODEL PROGRAM WITH SCALING
KENTA HASHIZUME
Abstract. We study relations between property of being log abundant for lc pairs
and termination of log MMP with scaling. We prove that any log MMP with scaling
of an ample divisor starting with a projective dlt pair contains only finitely many
log abundant dlt pairs. In addition, we discuss conjectures on log abundant dlt pairs
which imply existence of good minimal models for projective klt pairs.
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1. Introduction
Throughout this paper we will work over the complex number field C.
In the minimal model theory, properties of being abundant and being log abundant
are closely related to existence of good minimal models. For definitions of these two
properties and log abundant lc pairs, see Definition 2.15 and Definition 2.16 respectively.
They are the same notions when we deal with klt pairs. It is well-known that log MMP
preserves property of being abundant, hence, for any given lc pair it is well-known that
its log canonical divisor is abundant if the minimal model theory holds for the given lc
pair. When the given lc pair is klt, results by Birkar–Cascini–Hacon–McKernan [4] and
Lai [30] (see also [26] and [18]) show that the converse also holds. On the other hand,
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we cannot know directly from construction that log MMP preserves property of being
log abundant, but it is known that log canonical divisors of all lc pairs are log abundant
if and only if the minimal model theory holds for all lc pairs. The situations of the main
results of [3] and [20] (cf. [23]) are the cases where log MMP preserves the property after
finitely many steps, whereas there is a situation in which log MMP breaks property of
being log big, a special kind of property of being log abundant ([6, Example 5.2], [2]).
Because induction on dimension of varieties works well under assumption of property of
being log abundant, the abundance conjecture for log abundant lc pairs was thoroughly
studied ([32], [16], [8], [12], [15], [21]) and proved by Hacon–Xu [21] (see also [15] by
Fujino–Gongyo for projective case). In contrast, we know relations between log MMP
and property of being log abundant only in spacial cases ([3], [20], [23], [25]).
In this paper, we study how the property of being log abundant affects termination
of log MMP. The following theorem is the main result of this paper.
Theorem 1.1 (=Theorem 3.6). Let π : X → Z be a projective morphism of normal
quasi-projective varieties, and let (X,∆) be a Q-factorial dlt pair such that KX +∆ is
pseudo-effective over Z. Let A be an ample R-divisor on X such that (X,∆+ A) is lc
and KX +∆+A is nef over Z. Then there is an integer l ≥ 0 satisfying the following:
Let
(X0 := X,∆0 := ∆) 99K (X1,∆1) 99K · · · 99K (Xi,∆i) 99K · · ·
be a sequence of steps of a (KX +∆)-MMP over Z with scaling of A. If (Xi,∆i) is log
abundant over Z for some i ≥ l, then the (KX + ∆)-MMP over Z terminates with a
good minimal model.
The key ingredient to prove Theorem 1.1 is Theorem 3.5, which is a weaker result
than Theorem 1.1 but valid for not necessarily Q-factorial lc pairs. As mentioned above,
the case of klt pairs in Theorem 1.1 is already known by [4] and [30]. We employ ideas
of [25, Proof of Theorem 1.1] to prove Theorem 1.1 and Theorem 3.5. In the proof of
these theorems, we do not directly apply the main results of [3], [20], [23] or [25]. Thus,
Theorem 1.1 implies the main results of [3], [20] and [23], and Theorem 1.1 also implies
[25, Theorem 1.1] (see Remark 3.7).
By Theorem 3.5, we obtain the following corollaries.
Corollary 1.2 (=Corollary 3.8). Any log MMP with scaling of an ample divisor starting
with a projective dlt pair contains only finitely many log abundant dlt pairs.
Corollary 1.3 (=Corollary 3.10). Let (X,∆) be a projective lc pair. Suppose that
• (X,∆) is log abundant and KX +∆ is pseudo-effective, and
• the stable base locus of KX +∆ does not contain the image of any prime divisor
P over X satisfying a(P,X,∆) < 0.
Then (X,∆) has a good minimal model.
For the case of not necessarily Q-factorial lc pairs of Corollary 1.2, see Corollary 3.9.
For details of proofs of these results, see Section 3. In Section 5, with the aid of [2] we
study a generalization of Corollary 1.3 to semi log canonical pairs.
We also study sufficient conditions for existence of good minimal models for projective
klt pairs. In general, if we can prove that we may take l = 0 in Theorem 1.1, then
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the minimal model theory holds for all smooth projective varieties. Indeed, Birkar and
Hu showed in [6, Example 5.2] that the minimal model theory for smooth projective
varieties can be reduced to that for log abundant plt pairs. With a further observation,
their result can be generalized to arbitrary projective klt pairs (Theorem 4.1). By using
this fact, we suggest two conjectures focusing on whether steps of log MMP preserve
property of being log abundant.
Conjecture 1.4 (=Conjecture 4.2). Let (X,∆) be a projective Q-factorial log abundant
dlt pair such that KX +∆ is pseudo-effective. Then there exists an ample R-divisor A
on X satisfying the following: For any real number δ > 0, there exists a positive real
number t < δ and a sequence of steps of a (KX +∆+ tA)-MMP
(X,∆+ tA) 99K (Yt,∆Yt + tAYt)
to a good minimal model (Yt,∆Yt + tAYt) such that (Yt,∆Yt) is log abundant.
Conjecture 1.5 (=Conjecture 4.3). Let (X,∆) be a projective Q-factorial log abundant
dlt pair such that KX +∆ is pseudo-effective. Then the followings hold true.
• If KX+∆ is not nef, then there is a finite sequence of steps of a (KX+∆)-MMP
(X,∆) 99K (X ′,∆′) such that (X ′,∆′) is log abundant (but not necessarily nef).
• If (X,∆) is klt, then any (KX+∆)-MMP terminates with a good minimal model.
Theorem 1.6 (=Theorem 4.5 and Theorem 4.6). The followings hold true.
• Let (X,∆) be a projective klt pair such that KX +∆ is pseudo-effective. Then
there exists a projective log big plt pair (Y,Γ) such that the existence of a good
minimal model of (X,∆) is reduced to Conjecture 1.4 for (Y,Γ).
• Assume Conjecture 1.5 for all projective Q-factorial log big plt pairs with only
one lc center. Then, for any projective klt pair (X,∆) such that KX + ∆ is
pseudo-effective, all (KX +∆)-MMP terminate with good minimal models.
We may naturally expect the above conjectures because they follow from existence of
good minimal models and termination of all log MMP for all projective klt pairs. The
advantage to consider the above conjectures is that we do not need to discuss directly
existence of a log minimal model of the given dlt pairs. We hope that these conjectures
will be important steps to establish the minimal model theory.
The contents of this paper are as follows: In Section 2, we collect definitions, notations
and results on log MMP. In Section 3, we prove the main theorem and corollaries. In
Section 4, we study reductions of existence of good minimal models for klt pairs to
conjectures in the framework of log abundant dlt pairs. In Section 5, we discuss a
generalization of Corollary 1.3 to semi log canonical pairs.
Acknowledgments. The author was partially supported by JSPS KAKENHI Grant
Number JP16J05875 and JP19J00046. Part of the work was done while the author
was visiting University of Cambridge in January 2020. The author thanks Professor
Caucher Birkar for his hospitality. He thanks Professors Caucher Birkar and Yoshinori
Gongyo for discussions. He thanks Professor Ja´nos Kolla´r for answering questions.
2. Preliminaries
In this section, we collect definitions and some results.
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2.1. Divisors, morphisms and singularities of pairs. We collect notations and
definitions on divisors, morphisms and singularities of pairs, and we show some lemmas.
Divisors and morphisms. Let X be a normal projective variety. We use the standard
definitions of nef R-divisor, ample R-divisor, semi-ample R-divisor, and pseudo-effective
R-divisor. All big R-divisors appearing in this paper are R-Cartier. For any R-divisor
D =
∑
i aiDi on X where Di are distinct prime divisors, an R-divisor xDy is defined by
xDy =
∑
ixaiyDi, where xaiy is the largest integer not exceeding ai. When ai = 1 for
all i and there is no confusion, by abuse of notation we denote SuppD by D. For any
morphism f : X → Y and any R-Cartier divisor D′ on Y , we sometimes denote f ∗D′
by D′|X . For any prime divisor P over X , the image of P on X is denoted by cX(P ).
A projective morphism f : X → Y of varieties is called a contraction if it is surjective
and has connected fibers. For a variety X and an R-divisor D on it, a log resolution
of (X,D) denotes a projective birational morphism f : Y → X from a smooth variety
such that the exceptional locus Ex(f) is pure codimension one and Ex(f)∪ Suppf−1∗ D
is a simple normal crossing divisor.
Definition 2.1 (Asymptotic vanishing order). Let X be a normal projective variety
and D a pseudo-effective R-Cartier divisor on X . Let P be a prime divisor over X . We
define asymptotic vanishing order of P with respect to D, which we denote σP (D), as
follows: We take a projective birational morphism f : Y → X so that P appears as a
prime divisor on Y . When D is big, we define σP (D) by
σP (D) = inf{ coeffP (D
′) | f ∗D ∼R D
′ ≥ 0 } .
When D is not necessarily big, σP (D) is defined by
σP (D) = lim
ǫ→+0
σP (D + ǫA)
for an ample R-divisor A on X . This does not depend on the choices of f : Y → X and
A, and σP (D) ≥ 0. We can easily check σP (D) = sup{ σP (D +H) | H is ample }.
Definition 2.2 (Negative and positive part of Nakayama–Zariski decomposition). For
X and D as in Definition 2.1, the negative part of Nakayama–Zariski decomposition of
D, denoted by Nσ(D), is defined by
Nσ(D) =
∑
P : primedivisor
onX
σP (D)P.
We call the divisor D−Nσ(D) the positive part of Nakayama–Zariski decomposition of
D. Note that Nσ(D) and D −Nσ(D) are not necessarily R-Cartier in this paper.
When X is smooth, the definition of Nσ(D) coincides with [31, III, 1.12 Definition].
When X is not necessarily smooth, Nσ(D) in the definition can be written as g∗Nσ(g
∗D)
where g : W → X is a resolution and Nσ(g
∗D) is defined in [31, III, 1.12 Definition].
We write down some properties of asymptotic vanishing order and negative part of
Nakayama–Zariski decomposition.
Remark 2.3. Let X be a normal projective variety, D a pseudo-effective R-Cartier
divisor on X , and P a prime divisor over X .
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(1) (Lower convexity, see [31, III, 1.6 Definition]). For any pseudo-effective R-Cartier
divisor D′ on X , we have
σP (D +D
′) ≤ σP (D) + σP (D
′).
(2) ([31, III, 1.7 (2) Lemma]). For any pseudo-effective R-Cartier divisor G on X , we
have
lim
ǫ→+0
σP (D + ǫG) = σP (D).
(3) ([31, III, 5.14 Lemma]). Let f : Y → X be a projective birational morphism from
a normal variety Y and E an effective f -exceptional R-divisor on Y . If f ∗D+E is
R-Cartier (in this situation E is also R-Cartier), then
σP (f
∗D + E) = σP (f
∗D) + ordP (E).
(4) (cf. [31, III, 5.16 Theorem]). Let f : Y → X be a projective birational morphism
from a normal variety and D′′ an R-Cartier divisor on X such that D′′ ≤ Nσ(D).
Then
Nσ(f
∗D) = f ∗D′′ + F
for an effective R-divisor F such that D′′ + f∗F = Nσ(D).
We outline proof of (4). Fix an ample R-divisor A on X . By definition, for any t < 1
there is ǫt > 0 such that Nσ(f
∗D+ ǫf ∗A) ≥ tNσ(f
∗D) for all ǫ ∈ (0, ǫt). For these ǫ, all
G ∈ |f ∗D + ǫf ∗A|R satisfy G ≥ tNσ(f
∗D). Then f∗G ≥ tf∗Nσ(f
∗D) = tNσ(D) ≥ tD
′′.
Because G = f ∗f∗G, we have G ≥ tf
∗D′′ for all G ∈ |f ∗D+ ǫf ∗A|R. By considering the
limit ǫ → 0, we have Nσ(f
∗D) ≥ tf ∗D′′. Then we obtain Nσ(f
∗D) ≥ f ∗D′′ by taking
the limit t→ 1, and therefore F := Nσ(f
∗D)− f ∗D′′ is the desired divisor.
Lemma 2.4. Let X be a normal projective variety. Let D and D′ be pseudo-effective
R-Cartier divisors on X. Then, there is a real number t0 > 0 such that the support of
Nσ(D + tD
′) does not depend on t for any t ∈ (0, t0].
Proof. By property of lower convexity as in Remark 2.3 (1), components of Nσ(D+tD
′)
are components of Nσ(D)+Nσ(D
′) for any t ∈ (0, 1]. Let D1, · · · , Dk be all components
of Nσ(D) +Nσ(D
′), and we consider the set Ji := {s ∈ (0, 1]|σDi(D + sD
′) = 0} for all
1 ≤ i ≤ k. Fix i. When Ji is not empty and infJi = 0, we pick an element si of Ji then
σDi(D+ sD
′) = 0 for all s ∈ (0, si] by Remark 2.3 (1). We put si = 1 when Ji is empty,
and we put si =
1
2
· infJi when Ji is not empty and infJi > 0, then σDi(D + sD
′) > 0
for all s ∈ (0, si]. In this way, we can find si ∈ (0, 1] such that σDi(D+ sD
′) = 0 for all
s ∈ (0, si] or σDi(D+sD
′) > 0 for all s ∈ (0, si]. We set t0 = min{si}1≤i≤k. By definition
of D1, · · · , Dk, we have Nσ(D + tD
′) =
∑k
i=1 σDi(D + tD
′)Di, thus construction of t0
shows that the support of Nσ(D + tD
′) does not depend on t ∈ (0, t0]. 
Singularities of pairs. A pair (X,∆) consists of a normal variety X and an effective
R-divisor ∆ on X such that KX +∆ is R-Cartier.
Let (X,∆) be a pair, and let P be a prime divisor over X . We denote by a(P,X,∆)
the discrepancy of P with respect to (X,∆). We freely use the standard definitions of
Kawamata log terminal (klt, for short) pair, log canonical (lc, for short) pair, divisorial
log terminal (dlt, for short) pair and purely log terminal (plt, for short) pair as in [29] or
6 KENTA HASHIZUME
[4]. In [29], pairs and classes of singularity are defined in the framework of Q-divisors,
but we can similarly define those classes of singularity for pairs of a normal variety and
an effective R-divisor. When (X,∆) is an lc pair, an lc center of (X,∆) is cX(P ) for a
prime divisor P over X such that a(P,X,∆) = −1.
Lemma 2.5. Let (X,∆) be a dlt pair and S an lc center of (X,∆). Fix a log resolution
f : Y → X of (X,∆) which is isomorphic over an open subset of X intersecting S. Let
T ⊂ Y be a subvariety such that the restriction of f to T induces a birational morphism
f |T : T → S, and let M be an f -exceptional divisor on Y such that all components P
of M satisfy a(P,X,∆) > 0. Then all components of M |T are exceptional over S.
Proof. We may write KY + Γ = f
∗(KX +∆) + E such that Γ ≥ 0 and E ≥ 0 have no
common components and all components of M are components of E. Since (X,∆) is
dlt, there are components D1, · · · , Dk of x∆y such that S is an irreducible component
of D1 ∩ · · · ∩Dk (see [9, Proposition 3.9.2] or [27, Theorem 4.16]). Let D
′
1, · · · , D
′
k be
the birational transforms of D1, · · · , Dk on Y , respectively. By definitions of Γ and T ,
the divisors D′1, · · · , D
′
k are components of xΓy and T is an irreducible component of
D′1∩· · ·∩D
′
k. We put G = Γ−
∑k
i=1D
′
i. Applying [25, Proof of Lemma 2.4] with minor
changes, we can check that E|T is exceptional over S. Firstly, we see that G|T and E|T
have no common components. Indeed, if G|T and E|T have a common component Q,
then Q ⊂ G′ ∩ E ′ ∩D′1 ∩ · · · ∩D
′
k for some components G
′ of G and E ′ of E, thus the
left hand side has codimension k+1 in Y but the right hand side has codimension k+2
in Y which is impossible. Secondly, we put fT = f |T : T → S and define ∆S on S by
adjunction KS +∆S = (KX +∆)|S. Then ∆S ≥ 0 and ∆S = fT∗G|T − fT∗E|T . Since
fT : T → S is birational, fT∗G|T and fT∗E|T have no common components. From these
facts, it follows that fT∗E|T = 0. Therefore E|T is exceptional over S, so is M |T . 
The following lemma is one of key ingredients of this paper.
Lemma 2.6. Let (X,∆) and (X ′,∆′) be projective dlt pairs, let S and S ′ be lc centers
of (X,∆) and (X ′,∆′) respectively, and let f : X 99K X ′ be a birational map such that
f is an isomorphism on an open set intersecting S and the restriction of f to S induces
a birational map f |S : S 99K S
′. Suppose that KX +∆ is pseudo-effective. Suppose in
addition that
• a(D′, X ′,∆′) ≤ a(D′, X,∆) for all prime divisors D′ on X ′, and
• σP (KX +∆) = 0 for all prime divisors P over X such that a(P,X,∆) < 0 and
cX(P ) intersects S, where σP ( · ) is the asymptotic vanishing order of P defined
in Definition 2.1.
Let (S,∆S) and (S
′,∆S′) be projective dlt pairs where ∆S and ∆S′ are constructed with
adjunctions KS +∆S = (KX +∆)|S and KS′ +∆S′ = (KX′ +∆
′)|S′ respectively.
Then, the inequality a(Q, S ′,∆S′) ≤ a(Q, S,∆S) holds for all prime divisors Q on S
′.
Proof. By taking an appropriate resolution of the graph of f : X 99K X ′, we may find a
common log resolution g : Y → X and g′ : Y → X ′ of the map (X,∆) 99K (X ′,∆′) and
a subvariety T ⊂ Y birational to S and S ′ such that the induced morphisms g|T : T → S
and g′|T : T → S
′ form a common resolution of f |S : S 99K S
′. We may write
(∗) g∗(KX +∆) = g
′∗(KX′ +∆
′) +M −N
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such thatM ≥ 0 and N ≥ 0 have no common components. By the first condition of the
lemma,M is g′-exceptional. Since the morphism g′ : Y → X ′ is an isomorphism over an
open subset which contains general points of S ′, we see that T 6⊂ SuppM . For any prime
divisor P ′ over X such that cY (P
′) = T and a(P ′, X,∆) = −1, the fact T 6⊂ SuppM
shows that if T ⊂ SuppN then a(P ′, X ′,∆′) = a(P ′, X,∆)+ordP ′(M)−ordP ′(N) < −1
which contradicts that (X ′,∆′) is dlt. From this, we have T 6⊂ SuppN . Restricting (∗)
to T , we obtain
(∗∗) g|∗T (KS +∆S) = g
′|∗T (KS′ +∆S′) +M |T −N |T
where M |T and N |T are effective.
We decompose M = M0 +M1 for M0 ≥ 0 and M1 ≥ 0 such that any component of
M0 does not intersect T and all components of M1 intersect T . By (∗∗), for any prime
divisor Q on S ′ we obtain
(∗∗∗) a(Q, S ′,∆S′)− a(Q, S,∆S) = ordQ(M |T −N |T ) ≤ ordQ(M1|T ).
Pick any component E of M1. Then σE(N) = coeffE(N) = 0 since M and N have no
common components. SinceKX+∆ is pseudo-effective by hypothesis of Lemma 2.6 and
since KX′ +∆
′ = g′∗(g
∗(KX +∆)+N) by (∗), the divisor KX′ +∆
′ is pseudo-effective.
By Remark 2.3 (1), (3) and relation (∗), we have
σE(KX +∆) = σE(g
∗(KX +∆)) = σE(g
∗(KX +∆)) + σE(N)
≥ σE(g
∗(KX +∆) +N) = σE(g
′∗(KX′ +∆
′) +M)
= σE(g
′∗(KX′ +∆
′)) + coeffE(M) > 0.
By definition ofM1, the image g(E) intersects S. If a(E,X,∆) < 0, then the inequality
σE(KX + ∆) > 0 contradicts the second hypothesis of Lemma 2.6. Therefore, we see
that a(E,X,∆) ≥ 0. Using (∗) again, we obtain
a(E,X ′,∆′) > a(E,X,∆) ≥ 0.
Thus, we see that all components E of M1 satisfy a(E,X
′,∆′) > 0. By Lemma 2.5, all
components of M1|T are exceptional over S
′. Recalling that Q is a prime divisor on S ′,
we see that ordQ(M1|T ) = 0. By (∗∗∗), we have a(Q, S
′,∆S′) ≤ a(Q, S,∆S). 
2.2. Models. In this paper, we freely use definition of models in [22, Definition 2.2] and
dlt blow-up ([11, Theorem 10.4] or [28, Theorem 3.1]). We write down the definition
here.
Definition 2.7. Let π : X → Z be a projective morphism from a normal variety to a
variety, and let (X,∆) be an lc pair. Let π′ : X ′ → Z be a projective morphism from a
normal variety to Z and φ : X 99K X ′ a birational map over Z. Let E be the reduced
φ−1-exceptional divisor on X ′, that is, E =
∑
Ej where Ej are φ
−1-exceptional prime
divisors on X ′. When KX′+φ∗∆+E is R-Cartier, the pair (X
′,∆′ = φ∗∆+E) is called
a log birational model of (X,∆) over Z. A log birational model (X ′,∆′) of (X,∆) over
Z is a weak log canonical model (weak lc model, for short) if
• KX′ +∆
′ is nef over Z, and
• for any prime divisor D on X which is exceptional over X ′, we have
a(D,X,∆) ≤ a(D,X ′,∆′).
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A weak lc model (X ′,∆′) of (X,∆) over Z is a log minimal model if
• X ′ is Q-factorial, and
• the above inequality on discrepancies is strict.
A log minimal model (X ′,∆′) of (X,∆) over Z is called a good minimal model ifKX′+∆
′
is semi-ample over Z.
In particular, we do not assume that log minimal models are dlt.
Remark 2.8. Let π : X → Z be a projective morphism from a normal variety to a
variety and (X,∆) an lc pair. Let (X ′,∆′) be a log minimal model of (X,∆) over Z,
and let (X ′′,∆′′) be a Q-factorial lc pair with a small birational map X ′ 99K X ′′ such
that KX′′ +∆
′′ is nef over Z and the birational transform of ∆′ on X ′′ is equal to ∆′′.
Then (X ′′,∆′′) is also a log minimal model of (X,∆) over Z. Furthermore, if (X ′,∆′)
is a good minimal model of (X,∆) over Z, then (X ′′,∆′′) is also a good minimal model
of (X,∆) over Z.
Remark 2.9. Let (X,∆) be a projective lc pair.
(1) Let (X,∆) 99K (X ′,∆′) be a sequence of steps of a (KX+∆)-MMP to a log minimal
model (X ′,∆′), and let D be a prime divisor on X . Then D is contracted by the
birational map X 99K X ′ if and only if D is a component of Nσ(KX +∆).
(2) Let (X ′′,∆′′) be a weak lc model of (X,∆). By Remark 2.3 (3), we can easily check
σP (KX +∆) = a(P,X
′′,∆′′)− a(P,X,∆)
for all prime divisors P over X .
Theorem 2.10 (Dlt blow-up, [11, Theorem 10.4], [28, Theorem 3.1]). Let X be a
normal quasi-projective variety, and let (X,∆) be an lc pair. Then, there is a projective
birational morphism f : Y → X from a normal quasi-projective variety Y such that if
we put Γ as the sum of f−1∗ ∆ and the reduced f -exceptional divisor, then (Y,Γ) is a
Q-factorial dlt pair and KY + Γ = f
∗(KX +∆).
We call (Y,Γ) a Q-factorial dlt model of (X,∆).
Lemma 2.11 (Q-factorial dlt closure). Let π : X → Z be a projective morphism from a
normal quasi-projective variety to a quasi-projective variety, let (X,∆) be a Q-factorial
dlt pair, and let Z →֒ Zc be an open immersion to a projective variety. Then there is
a projective morphism πc : Xc → Zc and a projective Q-factorial dlt pair (Xc,∆c) such
that X is an open subset of Xc, πc|X = π, (X
c|X ,∆
c|X) = (X,∆), and all lc centers of
(Xc,∆c) intersects X.
Proof. We take an open immersion X →֒ X to a projective variety with a projective
morphism X → Zc. Since (X,∆) is dlt, we can take a log resolution f : X ′ → X of
(X,∆) such that a(E,X,∆) > −1 for all f -exceptional prime divisors E. Let ∆′ be the
sum of f−1∗ ∆ and the reduced f -exceptional divisor. By [11, Theorem 4.17] and taking
blow-ups if necessary, we may take an open immersion X ′ →֒ X
′
to a smooth projective
variety and a birational morphism X
′
→ X such that putting ∆
′
as the closure of ∆′
in X
′
then (X
′
,∆
′
) is log smooth and all lc centers of (X
′
,∆
′
) intersects X ′.
We run a (K
X
′ + ∆
′
)-MMP over X with scaling of an ample divisor. After finitely
many steps, we get a projective Q-factorial dlt pair (Xc,∆c) whose restriction over X ,
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which we denote (X˜c, ∆˜c), is a Q-factorial dlt model of (X,∆) (cf. [3, Theorem 3.5]).
Since a(E,X,∆) > −1 for all f -exceptional prime divisors E, the birational morphism
X˜c → X is small. Since X is Q-factorial, the morphism is an isomorphism. We see that
∆c|X = ∆ by construction. Since all lc centers of (X
′
,∆
′
) intersects X ′, all lc centers
of (Xc,∆c) intersects X . Thus, (Xc,∆c) is the desired Q-factorial dlt pair. 
2.3. Invariant Iitaka dimension and numerical dimension. We define invariant
Iitaka dimension ([7]) and numerical dimension ([31]) for R-Cartier divisors on normal
projective varieties, then we collect some properties.
Definition 2.12 (Invariant Iitaka dimension). Let X be a normal projective variety,
and let D be an R-Cartier divisor on X . We define the invariant Iitaka dimension of D,
denoted by κι(X,D), as follows ([7, Definition 2.2.1], see also [14, Definition 2.5.5]): If
there is an R-divisor E ≥ 0 such that D ∼R E, set κι(X,D) = κ(X,E). Here, the right
hand side is the usual Iitaka dimension of E. Otherwise, we set κι(X,D) = −∞. We
can check that κι(X,D) is well-defined, i.e., when there is E ≥ 0 such that D ∼R E, the
invariant Iitaka dimension κι(X,D) does not depend on the choice of E. By definition,
we have κι(X,D) ≥ 0 if and only if D is R-linearly equivalent to an effective R-divisor.
Let X → Z be a projective morphism from a normal variety to a variety and D an
R-Cartier divisor on X . Then the relative invariant Iitaka dimension of D, denoted by
κι(X/Z,D), is similarly defined: If there is an R-divisor E ≥ 0 such that D ∼R,Z E
then we set κι(X/Z,D) = κι(F,D|F ), where F is a sufficiently general fiber of the Stein
factorization ofX → Z, and otherwise we set κι(X/Z,D) = −∞. The relative invariant
Iitaka dimension κι(X/Z,D) is also well-defined, i.e., when D ∼R,Z E for some E ≥ 0,
we see that κι(X/Z,D) does not depend on the choices of E and F . By definition, the
inequality κι(X/Z,D) ≥ 0 holds if and only if D ∼R,Z E for some E ≥ 0.
Definition 2.13 (Numerical dimension). Let X be a normal projective variety, and let
D be an R-Cartier divisor on X . We define the numerical dimension of D, denoted by
κσ(X,D), as follows ([31, V, 2.5 Definition]): For any Cartier divisor A on X , we set
σ(D;A) = max
{
k ∈ Z≥0
∣∣∣∣ lim sup
m→∞
dimH0(X,OX(xmDy+ A))
mk
> 0
}
if dimH0(X,OX(xmDy + A)) > 0 for infinitely many m ∈ Z>0, and otherwise we set
σ(D;A) := −∞. Then, we define
κσ(X,D) := max{ σ(D;A) | A is a Cartier divisor on X} .
Let X → Z be a projective morphism from a normal variety to a variety, and let D
be an R-Cartier divisor on X . Then, the relative numerical dimension of D over Z is
defined by κσ(F,D|F ), where F is a sufficiently general fiber of the Stein factorization of
X → Z. Then κσ(F,D|F ) does not depend on the choice of F , so the relative numerical
dimension is well-defined. In this paper, we denote κσ(F,D|F ) by κσ(X/Z,D).
Remark 2.14 ([31, V, 2.7 Proposition], [24, Remark 3.2], [25, Remark 2.8]). We write
down basic properties of the invariant Iitaka dimension and the numerical dimension.
(1) Let D1 and D2 be R-Cartier divisors on a normal projective variety X .
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• Suppose that D1 ∼R D2 holds. Then we have κι(X,D1) = κι(X,D2) and
κσ(X,D1) = κσ(X,D2).
• Suppose that D1 ∼R N1 and D2 ∼R N2 for some R-divisors N1 ≥ 0 and
N2 ≥ 0 such that SuppN1 = SuppN2. Then we have κι(X,D1) = κι(X,D2)
and κσ(X,D1) = κσ(X,D2).
(2) Let f : Y → X be a surjective morphism of normal projective varieties, and let D
be an R-Cartier divisor on X .
• We have κι(X,D) = κι(Y, f
∗D) and κσ(X,D) = κσ(Y, f
∗D).
• Suppose that f is birational. Let D′ be an R-Cartier divisor on Y such that
D′ − f ∗D is effective and f -exceptional. Then we have κι(X,D) = κι(Y,D
′)
and κσ(X,D) = κσ(Y,D
′).
Definition 2.15 (Relatively abundant divisor and relatively log abundant divisor). Let
π : X → Z be a projective morphism from a normal variety to a variety, and let D be
an R-Cartier divisor on X . We say that D is π-abundant (or abundant over Z) if the
equality κι(X/Z,D) = κσ(X/Z,D) holds. When Z is a point, we simply say that D is
abundant.
Let π : X → Z and D be as above, and let (X,∆) be an lc pair. We say that D is
π-log abundant (or log abundant over Z) with respect to (X,∆) if D is abundant over
Z and for any lc center S of (X,∆) with the normalization Sν → S, the pullback D|Sν
is abundant over Z.
Definition 2.16 (Log abundant lc pairs). Let π : X → Z be a projective morphism
from a normal variety to a variety and (X,∆) an lc (resp. dlt, plt) pair. When KX +∆
is log abundant over Z with respect to (X,∆), we call (X,∆) a log abundant lc (resp. log
abundant dlt, log abundant plt) pair over Z or we say that (X,∆) is log abundant over
Z. When Z is a point, we simply say (X,∆) is log abundant.
Lemma 2.17 ([25, Lemma 2.11]). Let (X,∆) be a projective lc pair with an R-divisor
∆. Suppose that KX+∆ is abundant and there is an effective R-divisor D ∼R KX+∆.
Let X 99K V be the Iitaka fibration associated to D. Pick a log resolution f : Y → X of
(X,∆) such that the induced map Y 99K V is a morphism, and let (Y,Γ) be a projective
lc pair such that we can write KY +Γ = f
∗(KX +∆)+E for an effective f -exceptional
divisor E. Then, we have κσ(Y/V,KY + Γ) = 0.
Lemma 2.18. Let π : X → Z and π′ : X ′ → Z be projective morphisms of normal
quasi-projective varieties. Let (X,∆) and (X ′,∆′) be dlt pairs, and let S and S ′ be
lc centers of (X,∆) and (X ′,∆′) respectively. Suppose that there is a small birational
map f : X 99K X ′ over Z such that f∗∆ = ∆
′, f is an isomorphism on an open set
intersecting S and the restriction of f to S induces a birational map f |S : S 99K S
′. If
there is an R-divisor A on X such that KX+∆+aA and KX′+∆
′+a′f∗A are nef over Z
for some a > a′ > 0, then the inequalities κι(S/Z, (KX+∆)|S) ≥ κι(S
′/Z, (KX′+∆
′)|S′)
and κσ(S/Z, (KX +∆)|S) ≥ κσ(S
′/Z, (KX′ +∆
′)|S′) hold.
Proof. By taking an appropriate resolution of the graph of f : X 99K X ′, we may find a
common log resolution g : Y → X and g′ : Y → X ′ of the map (X,∆) 99K (X ′,∆′) and
a subvariety T ⊂ Y birational to S and S ′ such that the induced morphisms g|T : T → S
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and g′|T : T → S
′ form a common resolution of f |S : S 99K S
′. We note that A and f∗A
are R-Cartier by hypothesis. Since f is small, by the negativity lemma we may write
E + g∗(KX +∆+ aA) = g
′∗(KX′ +∆
′ + af∗A) and
g∗(KX +∆+ a
′A) = g′∗(KX′ +∆
′ + a′f∗A) + E
′
for a g-exceptional R-divisor E ≥ 0 and a g′-exceptional R-divisor E ′ ≥ 0. Thus there
is a g′-exceptional R-divisor F ≥ 0 such that g∗(KX +∆) = g
′∗(KX′ +∆
′) + F . Since
g : Y → X is an isomorphism over an open subset which contains general points of S,
we have F |T ≥ 0. By restricting to T , we obtain
g|∗T ((KX +∆)|S) = g
′|∗T ((KX′ +∆
′)|S′) + F |T .
From this relation, the inequalities of Lemma 2.18 follow. 
Lemma 2.19. Let π : X → Z be a morphism of normal projective varieties and (X,∆)
an lc pair such that KX +∆ is abundant over Z. Let AZ be an ample Cartier divisor
on Z, and pick α > 2 · dimX. Then KX +∆+ απ
∗AZ is (globally) abundant.
Proof. We may assume that π is a contraction and (X,∆) is Q-factorial dlt by taking
the Stein factorization of π and a dlt blow-up, respectively. We may assume thatKX+∆
is pseudo-effective over Z because otherwise we can check that KX +∆+απ
∗AZ is not
pseudo-effective with definition of numerical dimension.
First we show that KX +∆ + απ
∗AZ is pseudo-effective. Pick any ample R-divisor
H on X . By [4], there is a good minimal model (X˜, ∆˜ + H˜) of (X,∆+H) over Z. Let
π˜ : X˜ → Z be the induced morphism. With the length of extremal rays, we can check
that KX˜ + ∆˜+ H˜ + απ˜
∗AZ is (globally) nef. This shows that KX +∆+H + απ
∗AZ is
pseudo-effective for any ample H . Thus KX +∆+ απ
∗AZ is pseudo-effective.
We fix α′ such that 2 ·dimX < α′ < α. By the previous argument, KX +∆+α
′π∗AZ
is pseudo-effective. Pick E ≥ 0 such that KX +∆ ∼R,Z E. We take the relative Iitaka
fibration X 99K V over Z induced by E. By Remark 2.14 and replacing (X,∆), we may
assume that X 99K V is a morphism. By Lemma 2.17, we have κσ(X/V,KX +∆) = 0.
Furthermore, the equality κσ(X/Z,KX + ∆) = dimV − dimZ holds by construction.
By [23, Lemma 3.1] and [23, Remark 3.2] which are applications of weak semi-stable
reduction ([1]), we obtain a projective lc pair (X ′,∆′) and the following diagram of
normal projective varieties
X

W
p
oo
p′
// X ′
ϕ′
V
$$■
■■
■■
■■
V ′oo
g′zztt
tt
tt
t
Z
where three horizontal morphisms are birational and other morphisms are contractions
such thatKX′+∆
′ ∼R,V ′ 0 and p
∗(KX+∆)+Fp = p
′∗(KX′+∆
′)+Fp′ for a p-exceptional
R-divisor Fp ≥ 0 and a p
′-exceptional R-divisor Fp′ ≥ 0. Then we can find an R-Cartier
divisor D′ on V ′ such that ϕ′∗D′ ∼R KX′ +∆
′. Then κσ(V
′/Z,D′) = dimV ′−dimZ, so
D′ is big over Z. By construction and Remark 2.14, D′ + α′g′∗AZ is pseudo-effective,
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and KX +∆+ απ
∗AZ is abundant if and only if D
′ + αg′∗AZ is abundant. Now
D′ + αg′∗AZ = (1− δ)(D
′ + α′g′∗AZ) + δD
′ + (α− α′)g′∗AZ + δα
′g′∗AZ
for any δ > 0. Since D′ is big over Z and AZ is ample, taking a sufficiently small δ > 0
we see that D′ + αg′∗AZ is big. Therefore KX +∆ is abundant. 
Lemma 2.20. Let π : X → Z be a projective morphism of normal quasi-projective
varieties, and let (X,∆) be an lc pair. If KX +∆ is nef and log abundant over Z with
respect to (X,∆), then it is semi-ample over Z.
Proof. When ∆ is a Q-divisor, the lemma follows by induction using [12, Theorem 1.1]
and [21, Theorem 1.4]. When ∆ is not necessarily a Q-divisor, we may reduce to the
case of Q-divisors by the argument of [24, Proof of Lemma 3.4] with minor changes. 
2.4. On log MMP and existence of good minimal models. In this subsection,
we collect some results on log MMP and existence of good minimal models for lc pairs.
Throughout this paper, we use the standard construction of log MMP with scaling (see,
for example, [3, Definition 2.4] or [14, 4.4.11]).
Firstly, we introduce a remark and a lemma on log MMP with scaling.
Remark 2.21 ([10], [3, Remark 2.10]). In this remark, we recall a part of argument of
special termination which is important for the proof of the main result of this paper.
Let π : X → Z be a projective morphism of normal quasi-projective varieties and
(X,∆) a dlt pair. Fix an lc center S of (X,∆), and define a dlt pair (S,∆S) where ∆S
is constructed with adjunction KS +∆S = (KX +∆)|S. Let A be an effective R-divisor
on X such that (X,∆+A) is lc and KX +∆+A is nef over Z. For a sequence of steps
of a (KX +∆)-MMP over Z with scaling of A
(X0 := X,∆0 := ∆) 99K (X1,∆1) 99K · · · 99K (Xi,∆i) 99K · · · ,
suppose that each birational map X 99K Xi induces a small birational map S 99K Si to
an lc center Si of (Xi,∆i) such that the birational transform of ∆S on Si is equal to the
R-divisor ∆Si defined by adjunction KSi +∆Si = (KXi +∆i)|Si. Let (T,Ψ)→ (S,∆S)
be a dlt blow-up, and we put AT = A|T . Let X → V be the (KX+∆)-negative extremal
contraction of the first step of the (KX +∆)-MMP over Z. It is obvious that (S1,∆S1)
is a weak lc model of (T,Ψ) over V with relatively ample log canonical divisor. Then
(T,Ψ) has a good minimal model ([23, Remark 2.10]). Using [3, Theorem 4.1], we get
a sequence of steps of a (KT + Ψ)-MMP over V that terminates with a good minimal
model (T1,Ψ1) over V . By construction, this is a (KT +Ψ)-MMP over Z with scaling of
AT and (T1,Ψ1) is a Q-factorial dlt model of (S1,∆S1) as in Theorem 2.10. Repeating
this discussion, over the sequence of birational maps S 99K · · · 99K Si 99K · · · , we can
construct a sequence of steps of a (KT +Ψ)-MMP over Z with scaling of AT
(T0 := T,Ψ0 := Ψ) 99K (T1,Ψ1) 99K · · · 99K (Ti,Ψi) 99K · · ·
such that each (Ti,Ψi) is a Q-factorial dlt model of (Si,∆Si). We note that the birational
map (Ti,Ψi) 99K (Ti+1,Ψi+1) can be an isomorphism for some i.
We define
λi = inf {µ ∈ R≥0 |KXi +∆i + µAi is nef over Z } ,
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and suppose that limi→∞λi = 0. Here, Ai is the birational transform of A on Xi. By
the negativity lemma, for any i, the birational map Xi 99K Xi+1 is an isomorphism in a
neighborhood of Si if and only if the induced birational map (Si,∆Si) 99K (Si+1,∆Si+1)
is an isomorphism. The isomorphism holds for all i≫ 0 if the (KT +Ψ)-MMP over Z
terminates with a log minimal model. Let ATi be the birational transform of AT on Ti.
We define
λ′i = inf {µ ∈ R≥0 |KTi +Ψi + µATi is nef over Z } .
Then λ′i ≤ λi, so limi→∞λ
′
i = 0, and KT + Ψ is pseudo-effective over Z. In this way,
when limi→∞λi = 0, the termination of the (KT + Ψ)-MMP over Z implies that the
birational map Xi 99K Xi+1 is an isomorphism in a neighborhood of Si for all i≫ 0. By
[3, Theorem 4.1 (iii)] and since (T,Ψ) is a Q-factorial dlt model of (S,∆S), the existence
of a log minimal model of (S,∆S) over Z shows the termination of the (KT +Ψ)-MMP.
Lemma 2.22. Let π : X → Z be a projective morphism of normal quasi-projective
varieties, let (X,∆) be an lc pair, and let S be a subvariety of X. Let
(X0 := X,∆0 := ∆) 99K (X1,∆1) 99K · · · 99K (Xi,∆i) 99K · · ·
be a sequence of steps of a (KX+∆)-MMP over Z with scaling of some R-divisor A ≥ 0.
We define λi = inf {µ ∈ R≥0 |KXi +∆i + µAi is nef over Z } where Ai is the birational
transform of A on Xi. Suppose that each step of the (KX+∆)-MMP is an isomorphism
on a neighborhood of S and limi→∞λi = 0. Then, for any π-ample R-divisor H on X
and closed point x ∈ S, there is E ≥ 0 such that E ∼R,Z KX +∆+H and SuppE 6∋ x.
Proof. Fix a π-ample R-divisor H on X and a closed point x ∈ S. Fix i≫ 0 such that
1
2
H−λiA is π-ample andX 99K Xi is a sequence of steps of a (KX+∆+λiA+ǫH)-MMP
over Z for some ǫ ∈ (0, 1
2
). Since H − ǫH − λiA is ample over Z and
KX +∆+H = KX +∆+ λiA+ ǫH + (H − ǫH − λiA),
it is sufficient to find E0 ≥ 0 such that E0 ∼R,Z KX +∆+ λiA + ǫH and SuppE0 6∋ x.
Note that X 99K Xi is a birational contraction and the birational transform Hi of H
on Xi is R-Cartier ([25, Remark 6.1]).
Let U be the largest open subset of X on which X 99K Xi is an isomorphism, and let
Ui be its image on Xi. By hypothesis the inclusion S ⊂ U holds, and the codimension
of Xi \ Ui in Xi is at least 2 and Hi|Ui is ample over Z. Let Si (resp. xi) be the image
of S (resp. x) on Xi. Note that xi ∈ Si ⊂ Ui. Pick an ample R-divisor Bi on Xi such
that the restriction (ǫHi − Bi)|Ui is ample over Z. Because KXi + ∆i + λiAi + Bi is
ample over Z, we can find EUi ≥ 0 on Ui such that
EUi ∼R,Z (KXi +∆i + λiAi +Bi)|Ui + (ǫHi − Bi)|Ui
and SuppEUi 6∋ xi. Let Ei be the closure of EUi in Xi. Then Ei ≥ 0 and SuppEi 6∋ xi.
Since the codimension ofXi\Ui inXi is at least 2, we have Ei ∼R,Z KXi+∆i+λiAi+ǫHi.
By combining this and that Hi is R-Cartier, we see that Ei is R-Cartier.
We take the normalization Y of the graph of X 99K Xi, and we denote the natural
morphisms Y → X and Y → Xi by f and fi, respectively. Since X 99K Xi is a sequence
of steps of a (KX +∆+ λiA+ ǫH)-MMP, we have
f ∗(KX +∆+ λiA+ ǫH) = f
∗
i (KXi +∆i + λiAi + ǫHi) + F
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for some F ≥ 0, and SuppF does not intersect f−1(U). We set E0 = f∗(f
∗
i Ei + F ). By
definition of xi and U , it follows that E0 ∼R,Z KX+∆+λiA+ǫH and SuppE0 6∋ x. Thus
E0 is the desired divisor discussed in the first paragraph, so Lemma 2.22 holds. 
Secondly, we introduce good minimal model analog of [5, Theorem 1.1]. It is known
to the experts, and the proof of [5, Theorem 1.1] works with no changes to prove the
case of the existence of a good minimal model. So we skip the proof.
Theorem 2.23 (cf. [5, Theorem 1.1]). Let (X,∆) be a projective lc pair such that
KX+∆ is pseudo-effective. Then (X,∆) has a log minimal model (resp. a good minimal
model) if and only if there exists a resolution f : Y → X such that f ∗(KX +∆) has the
Nakayama–Zariski decomposition with nef (resp. semi-ample) positive part.
Thirdly, we prepare results on equivalence about existence log minimal models and
good minimal models for given two lc pairs. For the proof of Lemma 2.24, see [23].
Lemma 2.24 ([23, Lemma 2.15]). Let π : X → Z be a projective morphism of normal
quasi-projective varieties, and let (X,∆) be an lc pair. Let (Y,Γ) be an lc pair with a
projective birational morphism f : Y → X such that KY +Γ = f
∗(KX +∆)+E for an
effective f -exceptional divisor E. Then (X,∆) has a weak lc model (resp. a log minimal
model, a good minimal model) over Z if and only if (Y,Γ) has a weak lc model (resp. a
log minimal model, a good minimal model) over Z.
Lemma 2.25 (cf. [19, Lemma 5.3]). Let (X,∆) be a projective lc pair, and let (Y,Γ)
be an lc pair with a projective birational morphism f : Y → X. Suppose that KX + ∆
is pseudo-effective and all prime divisors D on Y satisfy
0 ≤ a(D, Y,Γ)− a(D,X,∆) ≤ σD(KX +∆).
Then KY +Γ is pseudo-effective. Furthermore, (X,∆) has a log minimal model (resp. a
good minimal model) if and only if (Y,Γ) has a log minimal model (resp. a good minimal
model).
Proof. Let ∆Y be an R-divisor defined by KY +∆Y = f
∗(KX+∆). Then the hypothesis
on discrepancies is equivalent to 0 ≤ ∆Y − Γ ≤ Nσ(KY +∆Y ). Thus we have ∆Y ≥ 0.
We may replace (X,∆) by (Y,∆Y ), therefore we may assume X = Y .
Pick any resolution g : W → X . By Remark 2.3 (4), we have
Nσ(g
∗(KX +∆)) ≥ g
∗(∆− Γ) = g∗((KX +∆)− (KX + Γ)).
Therefore, g∗(KX +Γ) ≥ g
∗(KX +∆)−Nσ(g
∗(KX +∆)) and the right hand side is the
limit of effective divisors by definition of Nσ( · ). Then g
∗(KX + Γ) is pseudo-effective,
hence KX + Γ is also pseudo-effective. By [31, III, 1.8 Lemma], we have
Nσ(g
∗(KX + Γ)) = Nσ
(
g∗(KX +∆)− g
∗((KX +∆)− (KX + Γ))
)
= Nσ(g
∗(KX +∆))− g
∗(KX +∆) + g
∗(KX + Γ).
Thus, positive parts of Nakayama–Zariski decompositions of g∗(KX+∆) and g
∗(KY +Γ)
are the same divisors. Because g : W → X is any resolution, KX +∆ birationally has
Nakayama–Zariski decomposition with nef (resp. semi-ample) positive part if and only
if KX+Γ birationally has Nakayama–Zariski decomposition with nef (resp. semi-ample)
positive part. Then Lemma 2.25 follows from Theorem 2.23. 
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Lemma 2.26. Let π : X → Z and π′ : X ′ → Z be projective morphisms of normal
quasi-projective varieties, and let X 99K X ′ be a birational map over Z. Let (X,∆) and
(X ′,∆′) be lc pairs. Suppose that
• a(P,X,∆) ≤ a(P,X ′,∆′) for all prime divisors P on X, and
• a(P ′, X ′,∆′) ≤ a(P ′, X,∆) for all prime divisors P ′ on X ′.
Then KX + ∆ is abundant over Z if and only if KX′ + ∆
′ is abundant over Z, and
furthermore, (X,∆) has a log minimal model (resp. a good minimal model) over Z if
and only if (X ′,∆′) has a log minimal model (resp. a good minimal model) over Z.
Proof. Let f : Y → X and f ′ : Y → X ′ be a common log resolution of the map
(X,∆) 99K (X ′,∆′). We define an R-divisor Γ on Y by
Γ = −
∑
E
min{0, a(E,X,∆), a(E,X ′,∆′)}E,
where E runs over all prime divisors on Y . By construction of Y and since (X,∆) and
(X ′,∆′) are lc, (Y,Γ) is log smooth and lc. We put F = KY + Γ − f
∗(KX + ∆) and
F ′ = KY + Γ− f
′∗(KX′ +∆
′). Then, for any prime divisor D on Y we have
coeffD(F ) = a(D,X,∆)−min{0, a(D,X,∆), a(D,X
′,∆′)} ≥ 0,
and coeffD(F ) = 0 when D is a prime divisor on X because we have a(D,X,∆) ≤ 0
and a(D,X,∆) ≤ a(D,X ′,∆′) by the first condition of Lemma 2.26. Thus F is effective
and f -exceptional. The same argument shows that F ′ is effective and f ′-exceptional.
Applying Remark 2.14 (2) or Lemma 2.24 to the morphisms (Y,Γ) → (X,∆) and
(Y,Γ)→ (X ′,∆′), we see that Lemma 2.26 holds. 
Finally, we prove a key lemma in the proof of Theorem 1.1.
Lemma 2.27. Let π : X → Z be a projective morphism of normal quasi-projective
varieties and (X,∆) a Q-factorial dlt pair such that KX + ∆ is pseudo-effective over
Z. Let A be an ample R-divisor on X. Then there exists a real number ǫ > 0 such that
for any two real numbers t, t′ ∈ (0, ǫ], any sequence of steps of a (KX +∆+ tA)-MMP
(X,∆+ tA) 99K (Y,∆Y + tAY ) over Z to a good minimal model (Y,∆Y + tAY ) and any
sequence of steps of a (KX +∆+ t
′A)-MMP (X,∆+ t′A) 99K (Y ′,∆Y ′ + t
′AY ′) over Z
to a good minimal model (Y ′,∆Y ′ + t
′AY ′), the following properties hold.
• the birational map Y 99K Y ′ is small,
• Y 99K Y ′ is an isomorphism on an open subset U ⊂ Y such that U intersects all
lc centers of (Y,∆Y ) and the image U
′ ⊂ Y ′ intersects all lc centers of (Y ′,∆Y ′),
in particular, Y 99K Y ′ induces one-to-one correspondence between lc centers of
(Y,∆Y ) and lc centers of (Y
′,∆Y ′), and
• for any lc center SY of (Y,∆Y ) with the induced birational map SY 99K SY ′ to
the corresponding lc center SY ′ of (Y
′,∆Y ′), the following equalities
κι(SY /Z, (KY +∆Y )|SY ) = κι(SY ′/Z, (KY ′ +∆Y ′)|SY ′ ) and
κσ(SY /Z, (KY +∆Y )|SY ) = κσ(SY ′/Z, (KY ′ +∆Y ′)|SY ′ )
hold true. In particular, (Y,∆Y ) is log abundant over Z if and only if (Y
′,∆Y ′)
is log abundant over Z.
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Proof. By rescaling A, we may assume that KX + ∆ + A is nef over Z. Furthermore,
by replacing A with a general one, we may also assume A ≥ 0 and that (X,∆+A) is a
dlt pair whose lc centers of (X,∆+A) are lc centers of (X,∆). Fix a sequence of steps
of a (KX +∆)-MMP over Z with scaling of A
(X0 := X,∆0 := ∆) 99K (X1,∆1) 99K · · · 99K (Xi,∆i) 99K · · · .
We set λi = inf {µ ∈ R≥0 |KXi +∆i + µAi is nef over Z } , where Ai is the birational
transform of A on Xi. Then limi→∞λi = 0 by [4] (see also [3, Theorem 4.1 (ii)]).
Step 1. In this step, we find an index m such that the birational map Xm 99K Xi
satisfies the three properties of Lemma 2.27 for any i ≥ m. When the (KX +∆)-MMP
over Z terminates, we take the final index as m. When the (KX + ∆)-MMP over Z
does not terminate, there is i′ such that for any i ≥ i′, the birational map Xi 99K Xi+1
is small and for any lc center Si of (Xi,∆i), the restriction of Xi 99K Xi+1 to Si induces
a birational map Si 99K Si+1 to an lc center of (Xi+1,∆i+1). For any i ≥ i
′ and any lc
center Si of (Xi,∆i) with the birational map Si 99K Si+1, there is a common resolution
Y → Xi and Y → Xi+1 of Xi 99K Xi+1 and a subvariety T ⊂ Y birational to Si
and Si+1 such that the induced morphisms T → Si and T → Si+1 form a common
resolution of Si 99K Si+1. Comparing coefficients of (KXi +∆i)|T and (KXi+1 +∆i+1)|T ,
we have (KXi + ∆i)|T = (KXi+1 + ∆i+1)|T + E for some E ≥ 0 on T . Then, for the
sequence Si′ 99K · · · 99K Si 99K · · · of birational maps of lc centers, the two sequences
{κι(Si/Z, (KXi+∆i)|Si)}i≥i′ and {κσ(Si/Z, (KXi+∆i)|Si)}i≥i′ consisting of elements of
Z≥0 ∪ {−∞} are non-increasing. From this, for the sequence Si′ 99K · · · of birational
maps of lc centers, κι(Si/Z, (KXi +∆i)|Si) and κσ(Si/Z, (KXi +∆i)|Si) do not depend
on i for all i≫ i′.
From these discussion, we can find an index m such that for any i ≥ m, the birational
map Xm 99K Xi satisfies the three properties of Lemma 2.27, in other words, we have
• the birational map Xm 99K Xi is small,
• Xm 99K Xi is an isomorphism on an open set Um ⊂ Xm such that Um intersects
all lc centers of (Xm,∆m) and the image Ui ⊂ Xi intersects all lc centers of
(Xi,∆i), and
• for any lc center Sm of (Xm,∆m) with the induced birational map Sm 99K Si to
the corresponding lc center Si of (Xi,∆i), the following equalities hold.
κι(Sm/Z, (KXm +∆m)|Sm) = κι(Si/Z, (KXi +∆i)|Si) and
κσ(Sm/Z, (KXm +∆m)|Sm) = κσ(Si/Z, (KXi +∆i)|Si).
Step 2. We may assume λ0 > 0 because otherwise there is nothing to prove. We may
also assume m > 0. We set ǫ = λm−1
2
. We prove that this ǫ satisfies the conditions of
Lemma 2.27.
To complete the proof, it is sufficient to prove that for any t ∈ (0, ǫ] and any sequence
of steps of a (KX +∆+ tA)-MMP
(X,∆+ tA) 99K (Y,∆Y + tAY )
over Z to a good minimal model (Y,∆Y + tAY ), the birational map Y 99K Xm satisfies
the three conditions of Lemma 2.27. Fix t ∈ (0, ǫ] and (X,∆+ tA) 99K (Y,∆Y + tAY )
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the log MMP over Z as above. Let j be the minimum index such that KXj +∆j + tAj
is nef over Z. Such j exists since limi→∞λi = 0, and we have j ≥ m since λm−1 > ǫ ≥ t.
By construction, the birational map (X,∆ + tA) 99K (Xj,∆j + tAj) is a sequence of
steps of a (KX +∆+ tA)-MMP over Z to a good minimal model (Xj,∆j + tAj).
Both (X,∆+tA) 99K (Xj ,∆j+tAj) and (X,∆+tA) 99K (Y,∆Y +tAY ) are sequences
of steps of the (KX + ∆ + tA)-MMP over Z to good minimal models, so the induced
birational map Y 99K Xj is small and it is an isomorphism on an open set V ⊂ Y such
that V intersects all lc centers of (Y,∆Y + tAY ) and the image Vj ⊂ Xj intersects all lc
centers of (Xj,∆j+tAj). Since A is general, lc centers of (Xj ,∆j+tAj) (resp. lc centers
of (Y,∆Y + tAY )) are the same as lc centers of (Xj ,∆j) (resp. lc centers of (Y,∆Y )).
By this fact, applying the first and the second conditions in Step 1 to Xm 99K Xj and
Xm 99K Xi for any i ≥ m, we see that the birational map Y 99K Xi is small and we can
find an open set V (i) ⊂ Y such that Y 99K Xi is an isomorphism on V
(i), all lc centers
of (Y,∆Y ) intersects V
(i) and its image Vi ⊂ Xi intersects all lc centers of (Xi,∆i). In
this way, the first and the second condition of Lemma 2.27 hold for Y 99K Xi for all
i ≥ m. In particular, those conditions hold for Y 99K Xm.
Pick any lc center SY of (Y,∆Y ). Then Y 99K Xm is small and there is an lc center Sm
on (Xm,∆m) such that the restriction of Y 99K Xm induces a birational map SY 99K Sm.
By a property of log MMP with scaling, the divisor KXm+∆m+λm−1Am is nef over Z.
Thus, we can apply Lemma 2.18 to Xm 99K Y over Z, Sm 99K SY , KXm+∆m+λm−1Am
and KY +∆Y + tAY . Since λm−1 > ǫ ≥ t > 0, we have
κι(Sm/Z, (KXm +∆m)|Sm) ≥ κι(SY /Z, (KY +∆Y )|SY ) and
κσ(Sm/Z, (KXm +∆m)|Sm) ≥ κσ(SY /Z, (KY +∆Y )|SY ).
Let l be the minimum index such that KXl +∆l +
t
2
Al is nef over Z. Then l ≥ m since
λm−1 >
t
2
, and the birational map (X,∆+ t
2
A) 99K (Xl,∆l+
t
2
Al) is a sequence of steps
of a (KX +∆+
t
2
A)-MMP over Z to a good minimal model. By the discussion of the
previous paragraph of this step, Y 99K Xl is small and there is an lc center Sl on (Xl,∆l)
such that the restriction of Y 99K Xl induces a birational map SY 99K Sl. By applying
Lemma 2.18 to Y 99K Xl over Z, SY 99K Sl, KY +∆Y + tAY and KXl +∆l +
t
2
Al, we
obtain
κι(SY /Z, (KY +∆Y )|SY ) ≥ κι(Sl/Z, (KXl +∆l)|Sl) and
κσ(SY /Z, (KY +∆Y )|SY ) ≥ κσ(Sl/Z, (KXl +∆l)|Sl).
By construction, the birational map Xm 99K Xl induces a birational map Sm 99K Sl.
By the above inequalities and the third condition of Step 1 for Sm 99K Sl, we obtain
κι(Sm/Z, (KXm +∆m)|Sm) ≥ κι(SY /Z, (KY +∆Y )|SY )
≥ κι(Sl/Z, (KXl +∆l)|Sl) = κι(Sm/Z, (KXm +∆m)|Sm)
for any lc center SY , and the same relation holds between κσ(SY /Z, (KY +∆Y )|SY ) and
κσ(Sm/Z, (KXm + ∆m)|Sm). In this way, the third condition of Lemma 2.27 holds for
any lc center SY with the birational map SY 99K Sm induced by Y 99K Xm.
By the conclusion of Step 2, we see that for any t ∈ (0, ǫ] and any sequence of steps of
a (KX+∆+ tA)-MMP (X,∆+ tA) 99K (Y,∆Y + tAY ) over Z to a good minimal model
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(Y,∆Y + tAY ), the three properties of Lemma 2.27 holds for Y 99K Xm. Therefore, it
follows that ǫ > 0 satisfies the condition of Lemma 2.27. 
3. Log MMP containing log abundant log canonical pairs
In this section, we study log MMP with scaling containing log abundant lc pairs.
3.1. Proof of main result. The goal of this subsection is to prove Theorem 3.5 and
Theorem 3.6. We start with recalling the special case of [23, Proposition 3.3], which
was proved by applying weak semi-stable reduction ([1]).
Lemma 3.1 (cf. [23, Proposition 3.3]). Let (X,∆) be a projective lc pair. Suppose that
there is a contraction X → V to a normal projective variety V such that
• κσ(X/V,KX +∆)= 0,
• κσ(X,KX +∆) = dimV , and
• all lc centers of (X,∆) dominate V .
Then, (X,∆) has a good minimal model.
We prove three results with Lemma 3.1 and arguments in [25, Proof of Theorem 1.1].
Proposition 3.2. Let (X,∆) be a projective lc pair such that KX+∆ is pseudo-effective
and abundant. Then there is a dlt blow-up f˜ : (X˜, ∆˜)→ (X,∆) and effective R-divisors
G˜ and H˜ on X˜ satisfying the following properties.
(I) K
X˜
+ ∆˜ ∼R G˜+ H˜,
(II) SuppG˜ ⊂ Suppx∆˜y, and
(III) there exists a real number t0 > 0 such that for any t ∈ (0, t0], followings hold:
(III-a) the pair (X˜, ∆˜+tH˜) is Q-factorial dlt and the support of Nσ(KX˜+∆˜+tH˜)
does not depend on t, and
(III-b) the pair (X˜, ∆˜− tG˜) has a good minimal model.
Proof. We apply arguments in [25, Steps 2–3 in the proof of Theorem 1.1]. SinceKX+∆
is pseudo-effective and abundant, we can find an effective R-divisor D on X such that
KX +∆ ∼R D. We take the Iitaka fibration X 99K V associated to D. Then we have
dimV = κσ(X,KX +∆). We take a log resolution f¯ : X¯ → X of (X,∆) such that the
induced map X¯ 99K V is a morphism. Let (X¯, ∆¯) be a log smooth model of (X,∆) as
in [22, Definition 2.9], which coincides with “log smooth model of type (2)” defined in
[3, Definition 2.3]. Then (X¯, ∆¯) is a log smooth lc pair such that
(i) KX¯+∆¯ = f¯
∗(KX+∆)+ E¯ for an effective f¯ -exceptional divisor E¯ whose support
contains all f¯ -exceptional prime divisors P¯ satisfying a(P¯ , X,∆) > −1, and
(ii) κσ(X¯,KX¯ + ∆¯) = dimV and κσ(X¯/V,KX¯ + ∆¯) = 0 (Lemma 2.17).
By construction of X 99K V and (X¯, ∆¯), the divisor KX¯ +∆¯ is R-linearly equivalent to
the sum of an effective R-divisor and the pullback of an ample divisor on V . Therefore,
we can find an effective R-divisor D¯ ∼R KX¯+∆¯ such that SuppD¯ contains all lc centers
of (X¯, ∆¯) which are vertical over V . Taking a log resolution of (X¯, ∆¯+D¯) and replacing
(X¯, ∆¯) and D¯, we may assume that (X¯, ∆¯ + D¯) is log smooth. By applying arguments
of [22, Proof of Lemma 2.10] to the morphism (X¯, ∆¯) → V and replacing (X¯, ∆¯) and
D¯ again, we may assume that
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(iii) ∆¯ = ∆¯′ + ∆¯′′, where ∆¯′ is effective and ∆¯′′ is a reduced divisor, such that ∆¯′′ is
vertical over V and all lc centers of (X¯, ∆¯− ∆¯′′) dominate V .
Note that we may have ∆¯′′ = 0. We have SuppD¯ ⊃ Supp∆¯′′ since SuppD¯ contains all
lc centers of (X¯, ∆¯) which are vertical over V . By decomposing D¯ appropriately, we
obtain effective R-divisors G¯ and H¯ such that
(iv) KX¯ + ∆¯ ∼R G¯ + H¯,
(v) Supp∆¯′′ ⊂ SuppG¯ ⊂ Suppx∆¯y, and
(vi) no component of H¯ is a component of x∆¯y and (X¯, Supp(∆¯ + H¯)) is log smooth.
We fix a real number t0 ∈ (0, 1) such that ∆¯− t0G¯ ≥ 0. For any t ∈ (0, t0], we consider
the pair (X¯, ∆¯−tG¯). By conditions (iii) and (v), we see that all lc centers of (X¯, ∆¯−tG¯)
dominate V . Since we have
KX¯ + ∆¯ ∼R G¯+ H¯ and KX¯ + ∆¯− tG¯ ∼R (1− t)G¯+ H¯,
by Remark 2.14 (1) we have κσ(X¯,KX¯ +∆¯− tG¯) = κσ(X¯,KX¯ +∆¯). By (ii), we obtain
κσ(X¯,KX¯ + ∆¯− tG¯) = dimV.
Similarly, we obtain κσ(X¯/V,KX¯+∆¯−tG¯) = 0. Thus, the morphism (X¯, ∆¯−tG¯)→ V
satisfies all conditions of Lemma 3.1. By Lemma 3.1, the pair (X¯, ∆¯− tG¯) has a good
minimal model for any t ∈ (0, t0].
We run a (KX¯ +∆¯)-MMP over X . By definition of ∆¯ (and (i)), we get a dlt blow-up
f˜ : (X˜, ∆˜)→ (X,∆). Let G˜ (resp. H˜) be the birational transform of G¯ (resp. H¯) on X˜ .
We show that the dlt blow-up f˜ : (X˜, ∆˜)→ (X,∆) and the R-divisors G˜ and H˜ satisfy
all conditions of Proposition 3.2. Condition (iv) shows relation K
X˜
+∆˜ ∼R G˜+H˜ , so (I)
of Proposition 3.2 holds. Condition (v) shows (II) of Proposition 3.2. By (vi), replacing
t0 if necessary, we may assume that the pair (X¯, ∆¯ + t0H¯) is dlt. Since X¯ 99K X˜ is a
sequence of steps of a (KX¯+∆¯)-MMP, replacing t0 again, we may assume the following.
• X¯ 99K X˜ is a sequence of steps of a (KX¯ + ∆¯ + tH¯)-MMP and a sequence of
steps of a (KX¯ + ∆¯− tG¯)-MMP for any t ∈ (0, t0].
By this statement, (X˜, ∆˜ + t0H˜) is Q-factorial dlt which shows the first half of (III-a)
of Proposition 3.2, and (X˜, ∆˜− tG˜) has a good minimal model for all t ∈ (0, t0] because
(X¯, ∆¯− tG¯) has a good minimal model, therefore (III-b) of Proposition 3.2 also holds.
Applying Lemma 2.4 to KX˜+∆˜ and H˜ and replacing t0, we may assume that t0 satisfies
the latter half of (III-a) of Proposition 3.2. Thus t0 satisfies (III) of Proposition 3.2.
Thus, f˜ : (X˜, ∆˜)→ (X,∆), G˜ and H˜ satisfy all conditions of Proposition 3.2. 
Proposition 3.3. Let (X,∆) be a projective Q-factorial dlt pair such that there are
two effective R-divisors G and H on X satisfying (I), (II), (III), (III-a) and (III-b) in
Proposition 3.2. Then there is a real number λ0 > 0 and a sequence of birational maps
X 99K X1 99K X2 99K · · · 99K Xi 99K · · ·
such that putting ∆i and Hi as the birational transforms of ∆ and H on Xi respectively,
the following properties hold.
(1) The pair (X,∆+ λ0H) is Q-factorial dlt and all lc centers of (X,∆+ λ0H) are lc
centers of (X,∆),
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(2) the birational map X 99K X1 is a sequence of steps of a (KX +∆+ λ0H)-MMP to
a good minimal model (X1,∆1 + λ0H1),
(3) the sequence of birational maps X1 99K · · · 99K Xi 99K · · · is a sequence of steps of
a (KX1 +∆1)-MMP with scaling of λ0H1 such that if we set
λi := inf {µ ∈ R≥0 |KXi +∆i + µHi is nef }
for each i ≥ 1, then we have limi→∞λi = 0,
(4) for all i ≥ 1 and all positive real numbers u ∈ [λi, λi−1], the pair (Xi,∆i + uHi) is
a good minimal model of (X,∆+ uH) and (X1,∆1 + uH1), and
(5) the (KX1 + ∆1)-MMP with scaling of λ0H1 which is proved in (3) occurs only in
Suppx∆1y.
Proof. Throughout this proof, unless otherwise stated, (I), (II), (III), (III-a) and (III-b)
mean the properties (I), (II), (III), (III-a) and (III-b) in Proposition 3.2, respectively.
We follow [25, Step 4 in the proof of Theorem 1.1].
By (I), for any s ∈ R≥0 we have
(♠) KX +∆+ sH ∼R (1 + s)
(
KX +∆−
s
1 + s
G
)
.
Fix λ0 ∈ (0, t0), where t0 is as in (III). By (III-a), we can easily check that (X,∆+λ0H)
is a Q-factorial dlt pair and lc centers of (X,∆+ λ0H) are lc centers of (X,∆), hence
(1) of Proposition 3.3 holds.
By (III-b) and [3, Theorem 4.1], we can run a (KX+∆−
λ0
1+λ0
G)-MMP that terminates
with a good minimal model (X1,∆1 −
λ0
1+λ0
G1), where ∆1 (resp. G1) is the birational
transform of ∆ (resp. G) on X1. Note that
λ0
1+λ0
< t0, therefore we may use (III-b). By
(♠), the birational map
(X,∆+ λ0H) 99K (X1,∆1 + λ0H1)
is a sequence of steps of a (KX+∆+λ0H)-MMP and (X1,∆1+λ0H1) is a good minimal
model of (X,∆+ λ0H), where H1 is the birational transform of H on X1. It is obvious
that the birational map X 99K X1 satisfies (2) of Proposition 3.3.
By the same argument as above, by (III-b), [3, Theorem 4.1] and (♠), for all t ∈ (0, λ0)
we get a sequence of steps of a (KX +∆+ tH)-MMP
(♣) (X,∆+ tH) 99K (X˜t, ∆˜t + tH˜t)
that terminates with a good minimal model (X˜t, ∆˜t+tH˜t). The latter half of (III-a) and
Remark 2.9 (1) show that X 99K X1 and X 99K X˜t contract the same divisors for all
t ∈ (0, λ0), therefore the induced birational map X1 99K X˜t is small. This implies that
(X˜t, ∆˜t+ tH˜t) is a good minimal model of (X1,∆1+ tH1) for all t ∈ (0, λ0). Therefore,
we see that (X1,∆1 + tH1) has a good minimal model for all t ∈ (0, λ0) and KX1 +∆1
is the limit of movable divisors. With [23, Lemma 2.14], we can construct a sequence
of steps of a (KX1 +∆1)-MMP with scaling of λ0H1
(X1,∆1) 99K (X2,∆2) 99K · · · 99K (Xi,∆i) 99K · · ·
such that if we define λi by λi = inf{µ ∈ R≥0 | KXi +∆i + µHi is nef} , where Hi is the
birational transform of H1 on Xi, then the (KX1 +∆1)-MMP terminates after finitely
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many steps or we have limi→∞λi = 0 even if it does not terminate. Since KX1 +∆1 is
pseudo-effective, in both cases we have limi→∞λi = 0. Therefore, the (KX1 +∆1)-MMP
satisfies (3) of Proposition 3.3.
We pick any i ≥ 1 and any positive real number u ∈ [λi, λi−1]. By properties of log
MMP with scaling, it is easy to see that (Xi,∆i+uHi) is lc and KXi +∆i+uHi is nef.
Since KX1 + ∆1 is the limit of movable divisors, the (KX1 + ∆1)-MMP contains only
flips. Since the birational map X1 99K X˜u is small, where X˜u is as in (♣), the induced
birational map Xi 99K X˜u is small. By (♣) the pair (X˜u, ∆˜u + uH˜u) is a good minimal
model of (X,∆+uH), from which and Remark 2.8 we see that (Xi,∆i+uHi) is a good
minimal model of (X,∆+ uH). Then KXi +∆i + uHi is semi-ample. Since X1 99K Xi
is small, the pair (Xi,∆i + uHi) is a good minimal model of (X1,∆1 + uH1). In this
way, we see that (4) of Proposition 3.3 holds.
By properties of log MMP with scaling, any curve which is contracted in the i-th step
of the (KX1+∆1)-MMP with scaling of λ0H1 has a negative (resp. positive) intersection
number withKXi+∆i (resp. Hi). On the other hand, the relation Gi ∼R −Hi+KXi+∆i
holds by (I), where Gi is the birational transform of G on Xi. Thus, curves contracted
in the i-th step of the (KX1+∆1)-MMP with scaling of λ0H1 have negative intersection
numbers with Gi. Since Gi ≥ 0, the (KX1+∆1)-MMP occurs only in SuppG1. Now the
inclusion SuppG1 ⊂ Suppx∆1y holds by (II), hence (5) of Proposition 3.3 holds. 
Theorem 3.4. Let (X,∆) be a projective dlt pair. Suppose that
• KX +∆ is pseudo-effective and abundant,
• for any lc center S of (X,∆), the restriction (KX +∆)|S is nef, and
• σP (KX +∆) = 0 for all prime divisors P over X such that a(P,X,∆) < 0 and
cX(P ) intersects an lc center of (X,∆), where σP ( · ) is the asymptotic vanishing
order of P defined in Definition 2.1.
Then (X,∆) has a log minimal model.
Proof. We prove the theorem in several steps.
Step 1. First, we reduce Theorem 3.4 to special termination of a log MMP with scaling.
Idea is very similar to [25, Steps 2–6 in the proof of Theorem 1.1].
Using Proposition 3.2, we construct a dlt blow-up f˜ : (X˜, ∆˜)→ (X,∆) and effective
R-divisors G˜ and H˜ on X˜ satisfying conditions of Proposition 3.2. Then we can replace
(X,∆) with (X˜, ∆˜). Indeed, after replacing (X,∆) by (X˜, ∆˜), the second condition of
Theorem 3.4 is clearly preserved and the first (resp. third) condition of Theorem 3.4 is
preserved by Remark 2.14 (2) (resp. definition of σP ( · )). From this, replacing (X,∆)
by (X˜, ∆˜), we may assume that there are effective R-divisors G and H on X satisfying
(I), (II), (III), (III-a) and (III-b) in Proposition 3.2. With Proposition 3.3, there is a
positive real number λ0 and a sequence of birational maps
X 99K X1 99K X2 99K · · · 99K Xi 99K · · ·
such that
(1) the pair (X,∆ + λ0H) is Q-factorial dlt and all lc centers of (X,∆ + λ0H) are lc
centers of (X,∆),
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(2) the birational map X 99K X1 is a sequence of steps of a (KX +∆+ λ0H)-MMP to
a good minimal model (X1,∆1 + λ0H1),
(3) the sequence of birational maps X1 99K · · · 99K Xi 99K · · · is a sequence of steps of
a (KX1 +∆1)-MMP with scaling of λ0H1 such that if we set
λi := inf {µ ∈ R≥0 |KXi +∆i + µHi is nef }
for each i ≥ 1, then we have limi→∞λi = 0,
(4) for all i ≥ 1 and all positive real numbers u ∈ [λi, λi−1], the pair (Xi,∆i + uHi) is
a good minimal model of (X,∆+ uH) and (X1,∆1 + uH1), and
(5) the (KX1 +∆1)-MMP with scaling of λ0H1 in (3) occurs only in Suppx∆1y.
Suppose that the (KX1+∆1)-MMP with scaling of λ0H1 terminates. Then λl−1 > λl = 0
for some l > 0. For all real numbers u ∈ (0, λl−1], it follows by (4) that KXl +∆l+ uHl
is nef and a(P ′, X,∆+ uH) ≤ a(P ′, Xl,∆l + uHl) for all prime divisors P
′ on X which
are exceptional over Xl. By taking the limit u→ 0, it follows that KXl +∆l is nef and
a(P ′, X,∆) ≤ a(P ′, Xl,∆l). Therefore (Xl,∆l) is a weak lc model of (X,∆). From this,
the pair (X,∆) has a log minimal model ([3, Corollary 3.7] or [23, Remark 2.10 (i)]).
In this way, to prove the existence of a log minimal model of (X,∆), it is sufficient to
prove the termination of the (KX1 + ∆1)-MMP. By (5), it is sufficient to prove that
non-isomorphic locus of the (KX1 +∆1)-MMP is disjoint from the birational transform
of x∆1y after finitely many steps. So we apply special termination as in [10].
There exists m > 0 such that for any lc center Sm of (Xm,∆m) and any i ≥ m, the
birational map Xm 99K Xi induces a birational map Sm 99K Si to an lc center Si of
(Xi,∆i). For any i ≥ m and any lc center Si of (Xi,∆i), we define R-divisors ∆Si and
HSi on Si by KSi + ∆Si = (KXi + ∆i)|Si and HSi = Hi|Si, respectively. Similarly, on
every lc center S of (X,∆), we define R-divisors ∆S and HS by KS+∆S = (KX +∆)|S
and HS = H|S, respectively. Then HS and HSi are effective R-Cartier divisors, and
(Si,∆Si) is dlt for all i ≥ m and all Si.
From now on, we prove that for any integer d ≥ 0, there ismd ≥ m such that aftermd
steps non-isomorphic locus of the (KX1 + ∆1)-MMP is disjoint from all d-dimensional
lc centers of (Xmd ,∆md). Indeed, the case of d = dimX − 1 of this statement and (5)
imply the termination of the (KX1 +∆1)-MMP. Therefore, it is sufficient to prove the
statement, and we prove it by induction on d. In the case of d = 0, we can takem asm0.
We assume the existence of md−1 in the statement. By replacing m by md−1, we may
assume md−1 = m. By arguments as in [10], replacing m again, we may assume that
for any d-dimensional lc center Sm of (Xm,∆m) the induced birational map Sm 99K Si
is small and the birational transform of ∆Sm on Si is equal to ∆Si . Then HSi is equal to
the birational transform of HSm on Si. Since limi→∞λi = 0, as in the second paragraph
of Remark 2.21, to prove the existence of md it is sufficient to prove that (Sm,∆Sm) has
a log minimal model.
Step 2. In the rest of the proof, all i are assumed to be i ≥ m unless otherwise stated.
We pick any d-dimensional lc center Sm of (Xm,∆m). By Step 1, the birational map
Sm 99K Si is small and ∆Si is equal to the birational transform of ∆Sm on Si for all i.
From now on, we prove that (Sm,∆Sm) has a log minimal model. Idea is very similar
to [25, Steps 7–9 in the proof of Theorem 1.1]. By construction of the birational map
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X 99K Xi, we can find an lc center S of (X,∆) such that X 99K Xi induces a birational
map S 99K Si ((1), (2) and (3) in Step 1). Using the lc center S, in the rest of this step
we establish the following variety, divisor and inequalities.
(a) A projective birational morphism ψ : T → Sm from a projective Q-factorial variety
T such that all prime divisors D¯ on S satisfying a(D¯, Sm,∆Sm) < a(D¯, S,∆S) are
prime divisors on T ,
(b) an effective R-divisor Ψ on T defined by Ψ = −
∑
D
a(D,S,∆S)D, where D runs
over all prime divisors on T ,
(c) the inequality a(Q, S,∆S+λiHS) ≤ a(Q, Si,∆Si+λiHSi) for all i and prime divisors
Q over S, and
(d) the inequality a(Q′, Sm,∆Sm) ≤ a(Q
′, T,Ψ) for all prime divisors Q′ over Sm, in
particular, the pair (T,Ψ) is lc.
By taking a suitable resolution of the graph of X 99K Xi, we can construct a common
resolution X → X and X → Xi and a subvariety S ⊂ X birational to S and Si such
that the induced birational morphisms S → S and S → Si form a common resolution
of the birational map S 99K Si. By (4) in Step 1, comparing coefficients of divisors
(KX +∆+ λiH)|S and (KXi +∆i + λiHi)|S, the inequality
a(Q, S,∆S + λiHS) ≤ a(Q, Si,∆Si + λiHSi)
follows for all prime divisors Q over S. We have proved (c).
Let D˜ be a prime divisor on Sm. Then D˜ is a prime divisor on Si for any i because the
birational maps Sm 99K Si are small. For all i, we can easily check that the birational
map (X,∆) 99K (Xi,∆i) and dlt pairs (S,∆S) and (Si,∆Si) satisfy the two conditions
of Lemma 2.6. Indeed, the birational map X 99K Xi is a birational contraction and ∆i
is the birational transform of ∆ on Xi, so the first condition of Lemma 2.6 holds. Since
S is an lc center of (X,∆), the second condition of Lemma 2.6 follows from the third
condition of Theorem 3.4. In this way, we can apply Lemma 2.6 to (X,∆) 99K (Xi,∆i),
(S,∆S) and (Si,∆Si), then we have a(D˜, Si,∆Si) ≤ a(D˜, S,∆S) for all i. Furthermore,
the inequality a(D˜, Si,∆Si + λiHSi) ≤ a(D˜, Si,∆Si) also holds by a basic property of
discrepancies. Combining these inequalities with (c), we have
a(D˜, S,∆S + λiHS) ≤ a(D˜, Si,∆Si + λiHSi) ≤ a(D˜, S,∆S).
for all i. Since ∆Si + λiHSi is equal to the birational transform of ∆Sm + λiHSm on Si,
we see that a(D˜, Si,∆Si+λiHSi) = a(D˜, Sm,∆Sm+λiHSm) for all i. Since limi→∞λi = 0
by (3) in Step 1, by taking the limit i→∞, the equality
(⋆) a(D˜, Sm,∆Sm) = a(D˜, S,∆S)
holds for all prime divisors D˜ on Sm.
We set
C =
{
D¯
∣∣ D¯ is a prime divisor on S such that a(D¯, Sm,∆Sm) < a(D¯, S,∆S) } .
By (⋆), all elements of C are exceptional over Sm. By a basic property of discrepancies
we have a(D¯, Sm,∆Sm +λmHSm) ≤ a(D¯, Sm,∆Sm). Combining this with (c), we obtain
a(D¯, S,∆S + λmHS) ≤ a(D¯, Sm,∆Sm) < a(D¯, S,∆S) ≤ 0
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for all D¯ ∈ C. Since every element of C is a prime divisor on S, we see that all elements
of C are components of HS. Thus C is a finite set, and furthermore, any D¯ ∈ C satisfies
−1 < a(D¯, S,∆S + λmHS). From them, the relation −1 < a(D¯, Sm,∆Sm) < 0 holds for
all D¯ ∈ C. Since (Sm,∆Sm) is dlt, by [25, Lemma 2.16], we get a projective birational
morphism ψ : T → Sm such that T is Q-factorial and ψ
−1 exactly extracts elements of
C. We have constructed the desired variety as in (a).
Let D be a prime divisor on T . When D is ψ-exceptional, by definitions of C and ψ
we obtain a(D,Sm,∆Sm) < a(D,S,∆S) ≤ 0. When D is not ψ-exceptional, by (⋆) we
obtain a(D,S,∆S) = a(D,Sm,∆Sm) ≤ 0. In any case, the relation
(⋆⋆) a(D,Sm,∆Sm) ≤ a(D,S,∆S) ≤ 0.
holds for all prime divisors D on T . Note that only finitely many prime divisors D on
T satisfy a(D,S,∆S) < 0 because a(D,S,∆S) = 0 when D is a prime divisor on S and
not a component of ∆S. Therefore, we may define an R-divisor Ψ ≥ 0 on T by
Ψ = −
∑
D
a(D,S,∆S)D,
where D runs over all prime divisors on T . This is the divisor stated in (b).
Finally we prove (d). Since T is Q-factorial, KT +Ψ is R-Cartier. By (⋆⋆), we obtain
KT +Ψ ≤ ψ
∗(KSm +∆Sm). From this, we have
−1 ≤ a(Q′, Sm,∆Sm) ≤ a(Q
′, T,Ψ).
for any prime divisor Q′ over Sm. This shows (d).
Step 3. In this step, we prove that (T,Ψ) has a log minimal model.
By the second condition of Theorem 3.4, (S,∆S) is a log minimal model of (S,∆S)
itself. To apply Lemma 2.26 to (S,∆S) 99K (T,Ψ), we prove the following claim.
Claim. Let Q˜ be a prime divisor over S. Then the following two statements hold:
• If Q˜ is a prime divisor on S, then a(Q˜, S,∆S) ≤ a(Q˜, T,Ψ), and
• if Q˜ is a prime divisor on T , then a(Q˜, T,Ψ) ≤ a(Q˜, S,∆S).
Assuming this claim, the second condition of Theorem 3.4 and Lemma 2.26 for the
map (S,∆S) 99K (T,Ψ) imply that (T,Ψ) has a log minimal model. Therefore, to prove
the existence of a log minimal model of (T,Ψ), it is sufficient to prove the claim.
Let Q˜ be a prime divisor over S. When Q˜ is a prime divisor on T or Q˜ is a prime
divisor on S which appears as a prime divisor on T , by (b) in Step 2 we have
a(Q˜, T,Ψ) = −coeffQ˜(Ψ) = a(Q˜, S,∆S).
Therefore the second assertion of the claim holds, and, to prove the first assertion of
the claim we may assume that Q˜ is a prime divisor on S but not a prime divisor on T .
In this case, (a) in Step 2 shows a(Q˜, S,∆S) ≤ a(Q˜, Sm,∆m), then (d) in Step 2 shows
a(Q˜, S,∆S) ≤ a(Q˜, Sm,∆m) ≤ a(Q˜, T,Ψ).
Therefore the first assertion of the claim also holds. In this way, we see that the claim
holds true. By the second condition of Theorem 3.4 and applying Lemma 2.26 to the
map (S,∆S) 99K (T,Ψ), we see that (T,Ψ) has a log minimal model.
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Step 4. With this step we complete the proof of the existence of a log minimal model
of (X,∆). In other words, we complete the argument of special termination in Step 1
by showing that (Sm,∆Sm) has a log minimal model.
For each i, the pair (Si,∆Si+λiHSi) is a weak lc model of (Sm,∆Sm+λiHSm) because
the birational map Sm 99K Si is small, the divisor ∆Si +λiHSi is equal to the birational
transform of ∆Sm+λiHSm on Si, and the divisor KSi+∆Si+λiHSi = (KXi+∆i+λiHi)|Si
is nef. Pick any prime divisor D on T . By Remark 2.9 (2) and (c) in Step 2, we obtain
σD(KSm +∆Sm + λiHSm) = a(D,Si,∆Si + λiHSi)− a(D,Sm,∆Sm + λiHSm)
≥ a(D,S,∆S + λiHS)− a(D,Sm,∆Sm + λiHSm).
By (b) in Step 2, it follows that a(D,S,∆S) = a(D, T,Ψ). By Remark 2.3 (2), applying
limi→∞λi = 0 and taking the limit i→∞, we obtain
σD(KSm +∆Sm) ≥ lim
i→∞
(
a(D,S,∆S + λiHS)− a(D,Sm,∆Sm + λiHSm)
)
= a(D, T,Ψ)− a(D,Sm,∆Sm)
for all prime divisors D on T . Furthermore, we have a(D, T,Ψ)−a(D,Sm,∆Sm) ≥ 0 by
(d) in Step 2. These facts imply the relation between difference of two discrepancies and
asymptotic vanishing order in Lemma 2.25. Because (T,Ψ) has a log minimal model,
we can apply Lemma 2.25 to (Sm,∆Sm), (T,Ψ) and T → Sm. In this way, we see that
(Sm,∆Sm) has a log minimal model.
By arguments in the last paragraph of Step 1 (see also Remark 2.21), we complete
the argument of special termination, therefore (X,∆) has a log minimal model.
We complete the proof. 
We are ready to prove main results Theorem 3.5 and Theorem 3.6.
Theorem 3.5. Let π : X → Z be a projective morphism of normal quasi-projective
varieties and (X,∆) an lc pair. Let A ≥ 0 be an R-divisor on X such that (X,∆+A)
is lc and KX +∆+ A is nef over Z. Then, no infinite sequence of a (KX +∆)-MMP
over Z with scaling of A
(X0 := X,∆0 := ∆) 99K (X1,∆1) 99K · · · 99K (Xi,∆i) 99K · · ·
satisfies the following properties.
• If we define λi = inf {µ ∈ R≥0 |KXi +∆i + µAi is nef over Z }, where Ai is the
birational transform of A on Xi, then limi→∞λi = 0, and
• there are infinitely many i such that (Xi,∆i) is log abundant over Z.
Proof. We prove the theorem by induction on dimension of X . Let (X,∆) and A be as
in Theorem 3.5, and assume Theorem 3.5 for all lc pairs of dimension less than dimX .
Suppose by contradiction that there is an infinite sequence of steps of a (KX+∆)-MMP
over Z with scaling of A
(X0 := X,∆0 := ∆) 99K (X1,∆1) 99K · · · 99K (Xi,∆i) 99K · · ·
satisfying the two properties of Theorem 3.5. Since the two properties of Theorem 3.5
are preserved after replacing each (Xi,∆i) with a Q-factorial dlt model, by lifting this
log MMP ([3, Remark 2.9]), we may assume that (Xi,∆i) are Q-factorial dlt. By the
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negativity lemma, KX + ∆ + λiA are pseudo-effective over Z, so is KX + ∆. We will
prove that (X,∆) has a log minimal model over Z, then we will get a contradiction.
Step 1. In this step, we prove that non-isomorphic locus of the (KX +∆)-MMP does
not intersect the birational transform of x∆y after finitely many steps. We apply [10].
For any i and any lc center Si of (Xi,∆i), we define a dlt pair (Si,∆Si) by adjunction
KSi +∆Si = (KXi +∆i)|Si. We prove by induction that for any integer 0 ≤ d < dimX,
there exists md ≥ 0 such that non-isomorphic locus of the (KX + ∆)-MMP is disjoint
from all d-dimensional lc centers of (Xmd ,∆md) aftermd steps. We assume the existence
of md−1, and we put m = md−1. By arguments as in [10], replacing m we may assume
that for any i ≥ m and any d-dimensional lc center Sm on (Xm,∆m), the birational
map Xi 99K Xi+1 induces a small birational map Si 99K Si+1 such that the birational
transform of ∆Si on Si+1 is equal to ∆Si+1 . Let (Tm,Ψm)→ (Sm,∆Sm) be a dlt blow-up,
and put ATm = Am|Tm . By limi→∞λi = 0 and arguments in Remark 2.21, the sequence
of birational maps Sm 99K · · · 99K Si 99K · · · induces a (KTm +Ψm)-MMP over Z with
scaling of ATm
(Tm,Ψm) 99K · · · 99K (Ti,Ψi) 99K · · ·
such that (Ti,Ψi) is a Q-factorial dlt model of (Si,∆Si) for each i ≥ m and termination
of the (KTm +Ψm)-MMP over Z implies the existence of md stated above. Since there
exist infinitely many log abundant dlt pairs (Xi,∆i) over Z, we see that (Ti,Ψi) is log
abundant over Z for infinitely many i. By construction, the (KTm +Ψm)-MMP over Z
with scaling of ATm satisfies two conditions about log MMP in Theorem 3.5. By the
induction hypothesis of Theorem 3.5, we see that the (KTm + Ψm)-MMP terminates.
Therefore, we may find md as in the above statement, and the non-isomorphic locus of
the (KX + ∆)-MMP does not intersect the birational transform of x∆y after finitely
many steps.
Replacing (X,∆) with (Xi,∆i) for some i≫ 0, we may assume that non-isomorphic
locus of the (KX +∆)-MMP is disjoint from Suppx∆y. By the second condition about
log MMP in Theorem 3.5, we may also assume that (X,∆) is log abundant over Z.
Step 2. In this step, using Theorem 3.4 we prove that (X,∆) has a log minimal model
over Z in the case when Z is a point.
The first condition of Theorem 3.4 is clear. By the hypothesis of the (KX+∆)-MMP
and Lemma 2.22, for any ample R-divisor A′ on X , it follows that the stable base locus
of KX + ∆ + A
′ is disjoint from Suppx∆y. Hence, the restriction of KX + ∆ to any
component of Suppx∆y is nef and σP (KX+∆) = 0 for all prime divisors P over X such
that cX(P ) intersects Suppx∆y. By these facts, the second and the third conditions of
Theorem 3.4 hold. By Theorem 3.4, (X,∆) has a log minimal model.
Step 3. We prove the existence of a log minimal model of (X,∆) over Z in general
case. Taking the Stein factorization of π, we may assume π is a contraction.
We take an open immersion Z →֒ Z¯ to a normal projective variety. By Lemma 2.11,
we can get a Q-factorial dlt closure (X¯, ∆¯) of (X,∆), that is, a projective Q-factorial
dlt pair (X¯, ∆¯) with a projective morphism π¯ : X¯ → Z¯ such that X is an open subset
of X¯ , (X¯|X , ∆¯|X) = (X,∆) and all lc centers of (X¯, ∆¯) intersects X . By construction,
we have π¯−1(Z) = X . Since all lc centers of (X¯, ∆¯) intersects X and property of being
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relatively abundant for R-Cartier divisors is determined on sufficiently general fibers of
X¯ → Z¯ ([25, Lemma 2.10]), the pair (X¯, ∆¯) is log abundant over Z¯. If (X¯, ∆¯) has a
log minimal model over Z¯ then its restriction over Z is a log minimal model of (X,∆)
over Z. In this way, to prove the existence of a log minimal model of (X,∆) over Z, it
is sufficient to prove that (X¯, ∆¯) has a log minimal model over Z¯.
Pick HZ¯ an ample Cartier divisor on Z¯. Let H¯ be a general member of the R-linear
system |(3 ·dimX)π¯∗HZ¯|R. We may assume that (X¯, ∆¯+ H¯) is dlt and its lc centers are
lc centers of (X¯, ∆¯). We run a (KX¯ + ∆¯ + H¯)-MMP with scaling of an ample divisor
(X¯0 := X¯, ∆¯0 + H¯0 := ∆¯ + H¯) 99K · · · 99K (X¯i, ∆¯i + H¯i) 99K · · · .
The (KX¯ + ∆¯ + H¯)-MMP satisfies the first condition about log MMP in Theorem 3.5.
We prove that (X¯i, ∆¯i + H¯i) is log abundant over Z¯ for all i. By definition of H¯ and
the length of extremal rays, the (KX¯ + ∆¯ + H¯)-MMP is a (KX¯ + ∆¯)-MMP over Z¯.
Because non-isomorphic locus of the (KX +∆)-MMP over Z is disjoint from Suppx∆y
and limi→∞λi = 0, we may apply Lemma 2.22. For any ample R-divisor H
′ on X and
any closed point x ∈ Suppx∆y, we can find E ≥ 0 such that E ∼R,Z KX +∆+H
′ and
SuppE 6∋ x. Since X = π¯−1(Z), for any curve which is contracted by π¯ and intersects
π¯−1(Z)∩ Suppx∆¯y, its intersection number with KX¯ + ∆¯ is non-negative. By this and
induction on i, the non-isomorphic locus of the (KX¯ +∆¯)-MMP over Z¯ is disjoint from
π¯−1(Z)∩Suppx∆¯y. Then, for any lc center S¯ of (X¯, ∆¯+H¯), the (KX¯+∆¯)-MMP over Z¯
does not modify sufficiently general fibers of the morphism S¯ → π¯(S¯). For any lc center
S¯i of (X¯i, ∆¯i), we define a dlt pair (S¯i,∆S¯i) by adjunction KS¯i +∆S¯i = (KX¯i + ∆¯i)|S¯i.
Since (X¯, ∆¯) is log abundant over Z¯, applying [25, Lemma 2.10] we see that KS¯i +∆S¯i
is abundant over Z¯. By definition of H¯ and Lemma 2.19, the divisor (KX¯i +∆¯i+ H¯i)|S¯i
is abundant. Because all lc centers of (X¯i, ∆¯i+ H¯i) are lc centers of (X¯i, ∆¯i), it follows
that (X¯i, ∆¯i + H¯i) is log abundant over Z¯ for all i.
The (KX¯ + ∆¯ + H¯)-MMP with scaling satisfies the two conditions of Theorem 3.5
about log MMP. By the conclusion of Step 2 in this proof, (X¯, ∆¯+H¯) has a log minimal
model. By definition of H¯ , the pair (X,∆) has a log minimal model over Z.
Since limi→∞λi = 0 and (X,∆) has a log minimal model over Z, the (KX+∆)-MMP
with scaling of A must terminate ([3, Theorem 4.1 (iii)]). This contradicts construction
of the (KX +∆)-MMP. In this way, Theorem 3.5 holds true. 
Theorem 3.6. Let π : X → Z be a projective morphism of normal quasi-projective
varieties, and let (X,∆) be a Q-factorial dlt pair such that KX +∆ is pseudo-effective
over Z. Let A be an ample R-divisor on X such that (X,∆+A) is lc and KX +∆+A
is nef over Z. Then there is an integer l ≥ 0 satisfying the following: Let
(X0 := X,∆0 := ∆) 99K (X1,∆1) 99K · · · 99K (Xi,∆i) 99K · · ·
be a sequence of steps of a (KX +∆)-MMP over Z with scaling of A. If (Xi,∆i) is log
abundant over Z for some i ≥ l, then the (KX + ∆)-MMP over Z terminates with a
good minimal model.
Proof. By Lemma 2.27, there exists ǫ > 0 such that for any two real numbers t, t′ ∈ (0, ǫ],
any sequence of steps of a (KX+∆+tA)-MMP (X,∆+tA) 99K (Y,∆Y+tAY ) over Z to a
good minimal model (Y,∆Y +tAY ) and any sequence of steps of a (KX+∆+t
′A)-MMP
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(X,∆+ t′A) 99K (Y ′,∆Y ′ + t
′AY ′) over Z to a good minimal model (Y
′,∆Y ′ + t
′AY ′),
the three properties of Lemma 2.27 hold true. By applying finiteness of models as in
[4, Theorem E] to a suitable rational polytope of WDivR(X) containing ∆ + tA for all
t ∈ [ ǫ
2
, 1], we can find finitely many birational maps X 99K Yk such that if t ∈ [
ǫ
2
, 1] then
birational contraction from X to any weak lc model of (X,∆+ tA) over Z is isomorphic
to one of X 99K Yk.
Let l be the number of those varieties Yk. We prove that this l is the desired integer.
Consider any sequence of steps of a (KX +∆)-MMP over Z with scaling of A
(X0 := X,∆0 := ∆) 99K (X1,∆1) 99K · · · 99K (Xi,∆i) 99K · · · ,
and suppose that (Xi0,∆i0) is log abundant over Z for some i0 ≥ l. We define
λi = inf {µ ∈ R≥0 |KXi +∆i + µAi is nef over Z } ,
where Ai is the birational transform of A on Xi. Since (Xi,∆i + λiAi) is a weak lc
model of (X,∆+λiA) over Z for all 0 ≤ i < l, by the choice of l, we see that λi0 <
ǫ
2
. If
λi0 = 0, then (Xi0 ,∆i0) is a log minimal model of (X,∆) over Z and it is log abundant
over Z, so (Xi0,∆i0) is a good minimal model by Lemma 2.20. We assume λi0 > 0.
Pick indices l′ and l′′ such that λl′−1 > λl′ = · · · = λi0 = · · · = λl′′−1 > λl′′ (put l
′ = 0
when λ0 = λi0). Then we can find t
′, t′′ ∈ (0, ǫ] such that t′′ < λi0 < t
′, the birational
map (X,∆+ t′A) 99K (Xl′,∆l′ + t
′Al′) is a sequence of steps of a (KX +∆+ t
′A)-MMP
over Z to a good minimal model and (X,∆+ t′′A) 99K (Xl′′,∆l′′ + t
′′Al′′) is a sequence
of steps of a (KX +∆+ t
′′A)-MMP over Z to a good minimal model. Then Xl′ 99K Xl′′
satisfies the three properties of Lemma 2.27. By construction of log MMP, we see that
• the birational map Xl′ 99K Xi0 is small, and
• Xl′ 99K Xi0 is an isomorphism on an open subset U
′ ⊂ Xl′ such that U
′ intersects
all lc centers of (Xl′,∆l′) and the image U ⊂ Xi0 intersects all lc centers of
(Xi0 ,∆i0).
The same properties hold for Xi0 99K Xl′′ . Furthermore, by arguments as in Step 2 of
the proof of Lemma 2.27, with Lemma 2.18 we have
• for any lc center Si0 of (Xi0 ,∆i0) with the birational map Sl′ 99K Si0 99K Sl′′
induced by Xl′ 99K Xi0 99K Xl′′ where Sl′ and Sl′′ are corresponding lc centers,
we have
κι(Sl′/Z, (KXl′ +∆l′)|Sl′ ) ≥ κι(Si0/Z, (KXi0 +∆i0)|Si0 )
≥ κι(Sl′′/Z, (KXl′′ +∆l′′)|Sl′′ ), and
κσ(Sl′/Z, (KXl′ +∆l′)|Sl′ ) ≥ κσ(Si0/Z, (KXi0 +∆i0)|Si0 )
≥ κσ(Sl′′/Z, (KXl′′ +∆l′′)|Sl′′ ).
Now we apply the third condition of Lemma 2.27 to Xl′ 99K Xl′′ and Sl′ 99K Sl′′ . Using
the above relations, for any lc center Si0 with the birational map Sl′ 99K Si0 , we have
κι(Sl′/Z, (KXl′ +∆l′)|Sl′ ) = κι(Si0/Z, (KXi0 +∆i0)|Si0 ) and
κσ(Sl′/Z, (KXl′ +∆l′)|Sl′ ) = κσ(Si0/Z, (KXi0 +∆i0)|Si0 ).
By recalling that (Xi0 ,∆i0) is log abundant over Z, we see that (Xl′ ,∆l′) is log abundant
over Z. For any j ≥ l′′ such that λj−1 > λj , by taking u ∈ (λj, λj−1) we get a sequence
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of steps of a (KX +∆+ uA)-MMP (X,∆+ uA) 99K (Xj,∆j + uAj) over Z to a good
minimal model. Since t′, u ∈ (0, ǫ] and (Xl′,∆l′) is log abundant over Z, by applying
Lemma 2.27 to (X,∆+ t′A) 99K (Xl′+∆l′+ t
′Al′) and (X,∆+uA) 99K (Xj ,∆j+uAj),
we see that (Xj,∆j) is log abundant over Z. Therefore, (Xj,∆j) is log abundant over
Z for any j ≥ l′′ such that λj−1 > λj.
By Theorem 3.5, the (KX +∆)-MMP over Z with scaling of A must terminate with
a log minimal model, and the final dlt pair (Xm,∆m) is log abundant over Z because
λm−1 > λm and m ≥ l
′′ which follows from λl′′−1 = λi0 > 0. Therefore, by Lemma 2.20,
the pair (Xm,∆m) is a good minimal model of (X,∆) over Z. So we are done. 
Remark 3.7. We check that Theorem 3.6 implies the main results of [3] and [20], and
it also implies [25, Theorem 1.1]. Let π : X → Z be a projective morphism of normal
quasi-projective varieties and (X,∆) an lc pair such that KX + ∆ is pseudo-effective
over Z. Without loss of generality, we may assume that (X,∆) is Q-factorial dlt.
If π and (X,∆) are as in [3, Theorem 1.1] (see also [20, Theorem 1.6]), then the
relative numerical dimension of the restriction of KX +∆ to any stratum is either 0 or
−∞, so KX + ∆ is log abundant over Z ([17]). Because any (KX + ∆)-MMP over Z
preserves the condition of [3, Theorem 1.1], property of being log abundant over Z are
preserved by any (KX+∆)-MMP over Z. If π and (X,∆) are as in [20, Theorem 1.1] (or
[3, Theorem 1.4]), with notations as in [20, Theorem 1.1], by running a (KX+∆)-MMP
over Z and replacing (X,∆) we may assume that (KX+∆)|f−1(U) is semi-ample over U .
Then (X,∆) is log abundant over Z ([25, Lemma 2.10]), and any (KX +∆)-MMP over
Z does not modify f−1(U). Thus, any (KX + ∆)-MMP over Z preserves property of
being log abundant over Z. Assume that π and (X,∆) are as in [25, Theorem 1.1]. For
any finite sequence of steps (X,∆) 99K (Xi,∆i) of a (KX +∆)-MMP over Z and any
lc center Si of (Xi,∆i), there is an lc center S of (X,∆) such that X 99K Xi induces a
birational map S 99K Si. Let (S,∆S) and (Si,∆Si) be dlt pairs defined by adjunctions.
Then a(Q, S,∆S) ≤ a(Q, Si,∆Si) for all prime divisors Q over S ([10, Lemma 4.2.10]).
By [25, Lemma 2.17] and the hypothesis of [25, Theorem 1.1] on lc centers, KSi+∆Si is
abundant over Z, therefore KXi +∆i is log abundant over Z. Thus, in the situation of
[25, Theorem 1.1], any (KX+∆)-MMP over Z preserves property of being log abundant
over Z. In any case, by Theorem 3.6, (X,∆) has a good minimal model over Z.
3.2. Corollaries. In this subsection, we prove corollaries of Theorem 3.5.
Corollary 3.8. Any log MMP with scaling of an ample divisor starting with a projective
dlt pair contains only finitely many log abundant dlt pairs.
Proof. Fix any dlt pair (X,∆) and an ample R-divisor A on X . Note that we can find
an R-divisor B on X such that (X,B) is klt by using perturbation of coefficients and
[9, Theorem 3.5.1]. We may assume that KX +∆ is pseudo-effective because otherwise
any (KX + ∆)-MMP with scaling of A terminates with a Mori fiber space. Consider
any sequence of steps of a (KX +∆)-MMP with scaling of A
(X0 := X,∆0 := ∆) 99K (X1,∆1) 99K · · · 99K (Xi,∆i) 99K · · · .
We set λi = inf {µ ∈ R≥0 |KXi +∆i + µAi is nef } and λ∞ := limi→∞λi, where Ai is
the birational transform of A on Xi. Suppose that the (KX + ∆)-MMP is an infinite
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sequence. For any i 6= j, the birational map Xi 99K Xj is not an isomorphism. Since
each lc pair (Xi,∆i + λiAi) is a weak lc model of (X,∆ + λiA), if λ∞ > 0, then we
get a contradiction with finiteness of models ([4, Theorem E]). Thus, we have λ∞ = 0.
By Theorem 3.5, the (KX + ∆)-MMP contains only finitely many log abundant dlt
pairs. 
Corollary 3.9. For any projective lc pair (X,∆) and any ample R-divisor A on X,
there is a sequence of steps of a (KX +∆)-MMP with scaling of A which contains only
finitely many log abundant lc pairs.
Proof. Let (X,∆) and A be as in the corollary. When KX +∆ is not pseudo-effective,
there is a finite sequence of steps of a (KX+∆)-MMP with scaling of A terminating with
a Mori fiber space ([25, Theorem 1.7]). When KX +∆ is pseudo-effective, (X,∆+ tA)
has a good minimal model for all t > 0 ([25, Theorem 1.5]). By applying arguments as
in [23, Proof of Lemma 2.14] (see also [25, Proof of Theorem 1.7]) with the length of
extremal rays ([11, Section 18]) and [25, Proposition 6.1], we can construct a sequence
of steps of a (KX +∆)-MMP with scaling of A
(X0 := X,∆0 := ∆) 99K (X1,∆1) 99K · · · 99K (Xi,∆i) 99K · · ·
such that if we define λi = inf {µ ∈ R≥0 |KXi +∆i + µAi is nef } and λ∞ := limi→∞λi,
where Ai is the birational transform of A on Xi, then the (KX +∆)-MMP terminates
or otherwise λ∞ = 0. Therefore, the (KX +∆)-MMP satisfies the first condition about
log MMP in Theorem 3.5 when it is an infinite sequence. By Theorem 3.5, only finitely
many log abundant lc pairs appear in the log MMP. 
Corollary 3.10. Let (X,∆) be a projective lc pair. Suppose that
• (X,∆) is log abundant and KX +∆ is pseudo-effective, and
• the stable base locus of KX +∆ does not contain the image of any prime divisor
P over X satisfying a(P,X,∆) < 0.
Then (X,∆) has a good minimal model.
Proof. By taking a dlt blow-up, we may assume that (X,∆) is Q-factorial dlt. Let
(X0 := X,∆0 := ∆) 99K (X1,∆1) 99K · · · 99K (Xi,∆i) 99K · · ·
be a sequence of steps of a (KX +∆)-MMP with scaling of an ample divisor. For any
i ≥ 0 and any lc center Si of (Xi,∆i), there is an lc center S of (X,∆) such that the map
X 99K Xi induces a birational map S 99K Si. We define projective dlt pairs (S,∆S)
and (Si,∆Si) by adjunctions KS +∆S = (KX +∆)|S and KSi +∆Si = (KXi +∆i)|Si,
respectively. By [10, Lemma 4.2.10], we have a(P, S,∆S) ≤ a(P, Si,∆Si) for all prime
divisors P over X . By Lemma 2.6 and the second condition of Corollary 3.10, we have
a(D,Si,∆Si) ≤ a(D,S,∆S) for all prime divisors D on Xi. By Lemma 2.26, the divisor
KSi + ∆Si is abundant. Thus, (Xi,∆i) is log abundant for all i. By Theorem 3.6, we
see that (X,∆) has a good minimal model. 
Corollary 3.11. Let (X,∆) be a projective Q-factorial dlt pair. Suppose that there
exists an ample R-divisor A on X satisfying the following: For any real number δ > 0,
there exists a positive real number t < δ and a sequence of steps of a (KX+∆+tA)-MMP
(X,∆+ tA) 99K (Yt,∆Yt + tAYt)
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to a good minimal model (Yt,∆Yt + tAYt) such that (Yt,∆Yt) is log abundant.
Then (X,∆) has a good minimal model.
Proof. Let ǫ > 0 as in Lemma 2.27. By applying Lemma 2.27 and the hypothesis of
Corollary 3.11, for any t ∈ (0, ǫ] and any sequence of steps of a (KX +∆ + tA)-MMP
(X,∆+ tA) 99K (Yt,∆Yt + tAYt) to a good minimal model (Yt,∆Yt + tAYt), the lc pair
(Yt,∆Yt) is log abundant. Let
(X0 := X,∆0 := ∆) 99K (X1,∆1) 99K · · · 99K (Xi,∆i) 99K · · ·
be a sequence of steps of a (KX +∆)-MMP with scaling of A. We define
λi = inf {µ ∈ R≥0 |KXi +∆i + µAi is nef over Z } ,
where Ai is the birational transform of A on Xi. Note that limi→∞λi = 0. For any j
such that λj < λj−1 and λj < ǫ, taking any u ∈ (λj, λj−1)∩ (λj, ǫ) we get a sequence of
steps of a (KX + ∆ + uA)-MMP (X,∆ + uA) 99K (Xj,∆j + uAj) to a good minimal
model. Since 0 < u ≤ ǫ, we see that (Xj,∆j) is log abundant. In this way, we see that
(Xi,∆i) is log abundant for any i such that λj < λj−1 and λj < ǫ.
By Theorem 3.5, the (KX+∆)-MMP with scaling of A terminates with a log minimal
model (Xm,∆m), and the dlt pair is log abundant because λm < λm−1 and λm = 0 < ǫ.
By Lemma 2.20 (or [24, Lemma 3.4]), it is a good minimal model of (X,∆). 
4. Sufficient conditions for existence of good minimal models
In this section, we discuss sufficient conditions for existence of good minimal models
for projective klt pairs. The goal of this section is to study relations between existence
of good minimal models for projective klt pairs and that for log abundant plt pairs.
Theorem 4.1. Let (X,∆) be a projective klt pair of dimension n such that KX +∆ is
pseudo-effective. Then there is a projective Q-factorial dlt (more strongly, log smooth
plt) pair (Y,Γ) of dimension n + 1 satisfying the following.
• KY + Γ is log big with respect to (Y,Γ), and
• (X,∆) has a log minimal model (resp. a good minimal model) if (Y,Γ) has a log
minimal model (resp. a good minimal model).
Proof. In Steps 1–3, we prove Theorem 4.1 under extra assumptions. In Step 4, we
prove Theorem 4.1 in general case.
Step 1. First, we prove the theorem assuming the following conditions:
(I) (X,∆) is a log smooth and Supp∆ is smooth, i.e., Supp∆ is a disjoint union of
its irreducible components, and
(II) σD(KX +∆) = 0 for all prime divisor D on X with coeffD(∆) > 0.
We follow construction of [6, Example 5.2]. Pick a very ample Cartier divisor A on X
so that A−KX is ample. Set W = PX(OX ⊕OX(−A)). Let f : W → X be the natural
morphism and S the unique section of OW (1). Let π : W → Z be the contraction of S.
Then π(S) is a point and S + f ∗A ∼Q π
∗GZ for an ample Q-divisor GZ on Z. We put
∆W = f
∗∆ and ∆S = ∆W |S. Then
(a) KW + S +∆W + π
∗GZ ∼Q f
∗(KX +∆)
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and we can identify (S,∆S) with (X,∆). Thus (S,∆S) is a log smooth klt pair and
Supp∆S is a disjoint union of its irreducible components. Then (W,S + ∆W ) is a log
smooth plt pair, KS +∆S = (KW + S +∆W )|S, and KS +∆S is pseudo-effective.
Let HS ≥ 0 be a general ample Cartier divisor on S such that (S,∆S + HS) is log
smooth and HS has only one component not contained in Supp∆S. Then SuppHS is a
subvariety in W of codimension 2. We take a blow-up g : Y → W along SuppHS. Let
EY be the unique g-exceptional divisor on W , and we put SY = g
−1
∗ S and ∆Y = g
∗∆W .
Then
(b) KY + SY +
1
2
EY +∆Y = g
∗(KW + S +∆W ) +
1
2
EY .
Furthermore, by log smoothness of (W,S +∆W ) and (S,∆S +HS), we can check that
• (Y, SY +
1
2
EY +∆Y ) is a log smooth plt pair with only one lc center SY ,
• g|SY : SY → S is an isomorphism, and
• EY ∩ SY is isomorphic to SuppHS by g|SY , so EY |SY is an ample divisor on SY .
Fix a real number r ≫ 0 such that KW + S +∆W + rπ
∗GZ is big and any sequence of
steps of a (KW + S +∆W + rπ
∗GZ)-MMP is a (KW + S +∆W )-MMP over Z. We put
GY = rg
∗π∗GZ . Replacing GZ with a general member of its R-linear system, we may
assume that the pair (Y, SY +
1
2
EY +∆Y +GY ) is a log smooth plt pair with only one
lc center SY . We set ΓY =
1
2
EY +∆Y +GY .
Step 2. In this step and the next step, we prove that (Y, SY+ΓY ) satisfies two properties
of Theorem 4.1.
In this step, we prove that KY + SY + ΓY is log big with respect to (Y, SY + ΓY ).
By (b) and definitions of GY and ΓY , the divisor KY + SY + ΓY is big. By (b) again,
KSY +∆Y |SY is the pullback of KS +∆S, so the divisor is the pullback of KX +∆ and
therefore it is pseudo-effective. Since GY |SY ∼Q 0 and EY |SY is ample, we see that
(KY + SY + ΓY )|Y = (KSY +∆Y |SY ) +
1
2
EY |SY +GY |SY
is big. In this way, we see that KY + SY + ΓY is log big with respect to (Y, SY + ΓY ).
Step 3. In this step, we prove that the plt pair (Y, SY +ΓY ) satisfies the second property
of Theorem 4.1. We only prove the case of log minimal model because the case of good
minimal model can be proved in the same way.
Since GZ is general, we may assume π
∗GZ|S = 0. We prove
σP (KW + S +∆W + π
∗GZ) = 0
for all prime divisors P over W such that a(P,W, S + ∆W + π
∗GZ) < 0 and cW (P )
intersects S. Pick any such P . By [31, III, 1.7 (3) Lemma] and recalling that A is ample,
for any real number ǫ > 0 we can find Mǫ ∈ |KX +∆+ ǫA|R such that Mǫ and ∆ have
no common components. By (a), we have KW +S+∆W +π
∗GZ+ ǫf
∗A ∼R f
∗Mǫ Since
∆W = f
∗∆, the support of f ∗Mǫ contains no irreducible components of S ∩ Supp∆W .
On the other hand, since a(P,W, S+∆W+π
∗GZ) < 0, π
∗GZ|S = 0 and cW (P ) intersects
S, the standard computation of a(P,W, S + ∆W + π
∗GZ) with [29, Lemma 2.29] and
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[29, Lemma 2.45] shows that P is a component of S + ∆W or cW (P ) is an irreducible
component of S ∩ Supp∆W . From these facts, we see that
σP (KW + S +∆W + π
∗GZ + ǫf
∗A) = σP (f
∗Mǫ) = 0.
By Remark 2.3 (2) and taking the limit ǫ→ 0, we have σP (KW +S+∆W +π
∗GZ) = 0.
Therefore, we see that σP (KW + S +∆W + π
∗GZ) = 0 for all prime divisors P over W
such that a(P,W, S +∆W + π
∗GZ) < 0 and cW (P ) intersects S.
From now on, we prove the existence of a log minimal model of (X,∆) assuming that
(Y, SY + ΓY ) has a log minimal model. Since GY = rg
∗π∗GZ , by (b) and Lemma 2.24,
the pair (W,S +∆W + rπ
∗GZ) has a log minimal model. Let
(W,S +∆W + rπ
∗GZ) 99K (W
′, S ′ +∆′ + r(π∗GZ)
′)
be a sequence of steps of a (KW+S+∆W+rπ
∗GZ)-MMP to a log minimal model, where
(π∗GZ)
′ is the birational transform of π∗GZ on W
′. By the choice of r, the log MMP is
a (KW + S +∆W )-MMP over Z, so this is a (KW + S +∆W + π
∗GZ)-MMP. Then the
birational map W 99KW ′ does not contract S because σS(KW + S +∆W + π
∗GZ) = 0
by last paragraph. We define ∆S′ on S
′ by adjunction KS′ +∆S′ = (KW ′ + S
′+∆′)|S′.
By [10, Lemma 4.2.10], we obtain
a(Q, S,∆S) ≤ a(Q, S
′,∆S′)
for all prime divisors Q over S. Since the image of S ′ on Z is a point and π∗GZ |S = 0, we
have (π∗GZ)
′|S′ = 0. By the conclusion of last paragraph, we can apply Lemma 2.6 to
the map (W,S+∆W+π
∗GZ) 99K (W
′, S ′+∆′+(π∗GZ)
′) and dlt pairs (S,∆S+π
∗GZ |S)
and (S ′,∆S′ + (π
∗GZ)
′|S′), then we obtain
a(Q′, S ′,∆S′) ≤ a(Q
′, S,∆S)
for all prime divisors Q′ on S ′. Furthermore, by construction, the divisor
KS′ +∆S′ = (KW ′ + S
′ +∆′ + r(π∗GZ)
′)|S′
is globally nef. By Lemma 2.26, the pair (S,∆S) has a log minimal model. Thus (X,∆)
has a log minimal model because we can identify (S,∆S) with (X,∆).
We have finished the proof of Theorem 4.1 under the assumptions (I) and (II). From
now on, we prove general case of Theorem 4.1.
Step 4. Let φ : X ′ → X be a log resolution of (X,∆) such that we may write
KX′ +∆
′ = φ∗(KX +∆) + F
for a φ-exceptional R-divisor F ≥ 0 such that F and ∆′ have no common components
and (X ′,∆′) satisfies (I) in Step 1 (see [29, Proposition 2.36 (1)]). By Lemma 2.24 and
replacing (X,∆) with (X ′,∆′), we may assume that (X,∆) satisfies (I) in Step 1. We
define an R-divisor B on X by
B := ∆−∆ ∧Nσ(KX +∆) =
∑
D
(
coeffD(∆)−min{coeffD(∆), σD(KX +∆)}
)
D,
where D runs over all prime divisor on X . It is obvious that 0 ≤ ∆−B ≤ Nσ(KX+∆),
therefore (X,∆) has a log minimal model (resp. a good minimal model) if (X,B) has a
log minimal model (resp. a good minimal model) by Lemma 2.25. Furthermore, for any
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prime divisor D on X , if coeffD(B) > 0 then coeffD(∆∧Nσ(KX +∆)) = σD(KX +∆).
Then, by [31, III, 1.8 Lemma], we have
σD(KX +B) = σD(KX +∆−∆ ∧Nσ(KX +∆))
= σD(KX +∆)− coeffD(∆ ∧Nσ(KX +∆)) = 0.
Thus, (X,B) satisfies (II) in Step 1, and Theorem 4.1 holds for (X,B) by discussions
in the previous steps. Therefore, Theorem 4.1 holds for (X,∆).
We finish the proof. 
We suggest two conjectures for log abundant dlt pairs. Each of them implies existence
of good minimal model for all klt pairs with pseudo-effective log canonical divisors (see
Theorem 4.5 and Theorem 4.6).
Conjecture 4.2. Let (X,∆) be a projective Q-factorial log abundant dlt pair such that
KX + ∆ is pseudo-effective. Then there exists an ample R-divisor A on X satisfying
the following: For any real number δ > 0, there exists a positive real number t < δ and
a sequence of steps of a (KX +∆+ tA)-MMP
(X,∆+ tA) 99K (Yt,∆Yt + tAYt)
to a good minimal model (Yt,∆Yt + tAYt) such that (Yt,∆Yt) is log abundant.
Conjecture 4.3. Let (X,∆) be a projective Q-factorial log abundant dlt pair such that
KX +∆ is pseudo-effective. Then the followings hold true.
• If KX+∆ is not nef, then there is a finite sequence of steps of a (KX+∆)-MMP
(X,∆) 99K (X ′,∆′) such that (X ′,∆′) is log abundant (but not necessarily nef).
• If (X,∆) is klt (in this case a good minimal model exists by [25, Lemma 2.13]),
then any (KX +∆)-MMP terminates with a good minimal model.
Remark 4.4. We have remarks on Conjecture 4.2. Let (X,∆) be as in Conjecture 4.2.
(1) For any ample R-divisor A on X and any t > 0, there exists a sequence of steps of
a (KX + ∆ + tA)-MMP to a good minimal model (Yt,∆Yt + tAYt) by [4], and the
negativity lemma shows that KYt +∆Yt is abundant. Therefore, nontrivial part of
Conjecture 4.2 is that the restriction of KYt + ∆Yt to each lc center of (Yt,∆Yt) is
abundant.
(2) Suppose that there exists a sequence of steps of a (KX +∆)-MMP with scaling of
an ample divisor A′ preserving property of being log abundant. Then, for any t > 0
the log MMP produces a good minimal model of (X,∆+ tA′) such that (X,∆) is
log abundant. Hence Conjecture 4.2 holds for (X,∆).
Theorem 4.5. Let (X,∆) be a projective klt pair such that KX+∆ is pseudo-effective.
Then there exists a projective log big plt pair (Y,Γ) such that the existence of a good
minimal model of (X,∆) is reduced to Conjecture 4.2 for (Y,Γ).
Proof. It follows from Theorem 4.1 and Corollary 3.11. 
Theorem 4.6. Assume Conjecture 4.3 for all projective Q-factorial log big plt pairs
with only one lc center. Then, for any projective klt pair (X,∆) such that KX +∆ is
pseudo-effective, all (KX +∆)-MMP terminate with good minimal models.
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Proof. We note that the existence of good minimal models for klt pairs can be reduced
to the Q-factorial case by taking small Q-factorializations, and the standard argument
of lifting log MMP (see, for example, [3, Remark 2.9]) shows that the termination of
all log MMP for klt pairs also can be reduced to the Q-factorial case. In this way, to
prove Theorem 4.6, we only need to consider projective Q-factorial klt pairs.
Let (X,∆) be a projective Q-factorial klt pair such that KX +∆ is pseudo-effective.
By the second assertion of Conjecture 4.3, it is sufficient to show the existence of a good
minimal model of (X,∆). By Theorem 4.1, there is a projective log big log smooth plt
pair (Y,Γ) such that the existence of a good minimal model of (X,∆) follows from that
of (Y,Γ), and construction of (Y,Γ) shows that (Y,Γ) has only one lc center S. We
prove that (Y,Γ) has a good minimal model. By the first assertion of Conjecture 4.3,
we can inductively construct a sequence of steps of a (KY + Γ)-MMP
(Y0 := Y,Γ0 := Γ) 99K (Y1,Γ1) 99K · · · 99K (Yi,Γi) 99K · · ·
such that (Yi,Γi) are log abundant. Note that (Yi,Γi) 99K (Yi+1,Γi+1) is not necessarily
one step of log MMP. By construction, the divisors KYi + Γi are big for all i ≥ 0.
If the unique lc center S of (Y,Γ) is contracted by Y 99K Yi for some i, then (Yi,Γi) is
klt and therefore (Yi,Γi) has a good minimal model by [4]. So (Y,Γ) has a good minimal
model. Thus we may assume that S is not contracted by the (KY +Γ)-MMP. Let Si be
the birational transform of S on Yi, and we define ΓSi on Si by KSi+ΓSi = (KYi+Γi)|Si.
Note that the pairs (Si,ΓSi) are klt and the divisors KSi + ΓSi are abundant.
First, we treat the case when KSi+ΓSi are pseudo-effective for all i. By the argument
of special termination as in [10] and the second assertion of Conjecture 4.3, we see that
non-isomorphic locus of the (KY +Γ)-MMP is disjoint from the birational trnasform of
S after finitely many steps. Thus, there exists a sufficiently small real number t > 0 such
that the (KY +Γ)-MMP is a (KY +Γ− tS)-MMP. Choosing t > 0 so that KY +Γ− tS
is big, the the second assertion of Conjecture 4.3 shows that this (KY + Γ− tS)-MMP
terminates, so the (KY +Γ)-MMP terminates. Construction of the (KY +Γ)-MMP (see
the first assertion of Conjecture 4.3) shows that the final plt pair is log abundant. By
[24, Lemma 3.4], the pair is a good minimal model of (Y,Γ). In this way, we see that
(Y,Γ) has a good minimal model in this case.
Next, we treat the case when KSi + ΓSi is not pseudo-effective for some i. We put
Y ′0 = Yi, Γ
′
0 = Γi, and S
′
0 = Si. We run a (KY ′0 + Γ
′
0)-MMP with scaling of an ample
divisor A′
(Y ′0 ,Γ
′
0) 99K · · · 99K (Y
′
j ,Γ
′
j) 99K · · · .
Then S ′0 is contracted by this log MMP. Indeed, suppose by contradiction that S
′
0 is
not contracted by the log MMP. Let A′j and S
′
j be the birational transforms of A
′ and
S ′0 on Y
′
j , respectively. We define λ
′
j by λ
′
j = {µ ∈ R≥0 | KY ′j + Γ
′
j + µA
′
j is nef }. Then
limj→∞λ
′
j = 0. Comparing the restrictions (KY ′0+Γ
′
0+λ
′
jA
′
0)|S′0 and (KY ′j +Γ
′
j+λ
′
jA
′
j)|S′j
with the standard argument (or [10, Lemma 4.2.10]), we see that (KY ′0 +Γ
′
0 + λ
′
jA
′
0)|S′0
is pseudo-effective for any j. Then KS′0 +ΓS′0 is pseudo-effective, a contradiction. Thus,
S ′0 is contracted by the (KY ′0 + Γ
′
0)-MMP. Therefore, for some j the pair (Y
′
j ,Γ
′
j) is klt
and KY ′j + Γ
′
j is big. By [4], the (KY ′0 + Γ
′
0)-MMP with scaling must terminate with a
good minimal model. In this way, (Y ′0 ,Γ
′
0) has a good minimal model, so does (Y,Γ).
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In any case, (Y,Γ) has a good minimal model, so does (X,∆). By the second assertion
of Conjecture 4.3, any (KX +∆)-MMP terminates. 
5. On log MMP for semi log canonical pairs
In this section, by applying Corollary 3.10 and [2], we discuss log MMP for semi log
canonical (slc, for short) pairs. We assume that all schemes in this section are reduced
separated schemes of finite type over SpecC. See [14, Definition 4.13.3] for definition of
slc pairs. We only deal with projective slc pairs, that is, slc pairs (X,∆) such that X
is projective over SpecC.
The goal of this section is to prove the following generalization of Corollary 3.10.
Theorem 5.1. Let (X,∆) be an slc pair such that X is projective and ∆ is a Q-divisor.
Let ν : (X¯, ∆¯)→ (X,∆) be the normalization, where KX¯ + ∆¯ = ν
∗(KX +∆). Suppose
that every irreducible component (X¯(j), ∆¯(j)) of (X¯, ∆¯) satisfies the following conditions.
• (X¯(j), ∆¯(j)) is log abundant and KX¯(j) + ∆¯
(j) is pseudo-effective, and
• the stable base locus of KX¯(j) + ∆¯
(j) does not contain the image of any prime
divisor P over X¯(j) satisfying a(P, X¯(j), ∆¯(j)) < 0.
Then there is a sequence of MMP steps for (X,∆)
(X,∆) 99K · · · 99K (Xi,∆i) 99K · · · 99K (Xm,∆m)
such that KXm +∆m is semi-ample.
First, we recall definition of an MMP step for projective slc pairs.
Definition 5.2 (An MMP step for slc pairs, [2, Definition 11]). Let (X,∆) be an slc
pair such that X is projective and ∆ is a Q-divisor. Then, an MMP step for (X,∆) is
the following diagram
(X,∆)
f
""❋
❋❋
❋❋
❋❋
❋❋
φ
//❴❴❴❴❴❴❴ (X ′,∆′)
f ′
{{✇✇
✇✇
✇✇
✇✇
✇
Z
such that
(1) (X ′,∆′) is an slc pair such that X ′ is projective,
(2) φ is birational and it is isomorphic on an open dense subset containing all generic
points of codimension one singular locus,
(3) ∆′ = φ∗∆,
(4) Z is a projective scheme, f and f ′ are projective and generically finite, and f ′
has no exceptional divisors, and
(5) −(KX +∆) and KX′ +∆
′ are ample over Z.
Let H be a Q-Cartier divisor on X . Then the above diagram is an MMP step with
scaling of H if the diagram satisfies (1)–(5) stated above and
(6) H is f -ample and −H ′ := −φ∗H is an f
′-ample Q-Cartier divisor,
(7) KX +∆+ λH is numerically trivial over Z for some λ ∈ Q, and
(8) for every proper curve C on X , if C is not contracted by f then the strict
inequality (KX +∆+ λH) · C > 0 holds.
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The above definition is different from the usual log MMP even if (X,∆) is lc. The
following example illustrates the difference between the usual log MMP and log MMP
in the sense of Definition 5.2.
Example 5.3. Let (X,∆) be a projective lc pair such that ∆ is a Q-divisor and KX+∆
is pseudo-effective but not nef. Let A be an ample Q-divisor on X such that KX+∆+A
is nef but not ample. Then KX + ∆ + A is semi-ample ([11, Theorem 13.1]) and big,
so it induces a generically finite morphism f : X → Z to a projective variety Z. Then
−(KX +∆) ∼Q,Z A is ample over Z and any curve C on X is contracted by f if and
only if (KX +∆+A) ·C = 0. By [3, Theorem 1.1] and [25, Theorem 1.7], we may run
a (KX +∆)-MMP over Z and we may get a good minimal model (Xl,∆l) over Z. Let
Xl → X
′ be the birational morphism over Z induced by KXl +∆l. Let ∆
′ (resp. A′) be
the birational transform of ∆ (resp. A) on X ′. Then (X ′,∆′) is lc, KX′ +∆
′ is ample
over Z and KX′ +∆
′ + A′ ∼Q,Z 0.
We can directly check that the birational map (X,∆) 99K (X ′,∆′) over Z is an MMP
step with scaling of A for (X,∆) as in Definition 5.2, but in general this birational map
is not necessarily a step of the usual (KX + ∆)-MMP unless f is birational and the
relative Picard number ρ(X/V ) is 1.
In general, we cannot construct MMP steps for slc pairs inductively. See, for example,
[2, Example 4 and Example 5] and [13, Example 5.4]. But, thanks to [2, Theorem 9], we
can construct MMP steps for slc pairs whose normalization satisfies the two conditions
of Corollary 3.10. We prove this fact in Lemma 5.4 below.
Lemma 5.4. Let (X,∆) be an slc pair such that X is projective and ∆ is a Q-divisor.
Let ν : (X¯, ∆¯)→ (X,∆) be the normalization, where KX¯ + ∆¯ = ν
∗(KX +∆). Suppose
that every irreducible component (X¯(j), ∆¯(j)) of (X¯, ∆¯) satisfies the following.
• |KX¯(j) + ∆¯
(j)|R 6= ∅ and the stable base locus of KX¯(j) + ∆¯
(j) does not contain
the image of any prime divisor P over X¯(j) satisfying a(P, X¯(j), ∆¯(j)) < 0.
Let H be a Q-Cartier divisor such that KX +∆+ cH is ample for some c > 0, and set
λ = inf {µ ∈ R≥0 | KX +∆+ µH is nef }. If λ > 0, then we may construct an MMP
step with scaling of H for (X,∆) as in Definition 5.2
(X,∆)
f
""❋
❋❋
❋❋
❋❋
❋❋
φ
//❴❴❴❴❴❴❴ (X ′,∆′)
f ′
{{✇✇
✇✇
✇✇
✇✇
✇
Z
such that KX′+∆
′+c′H ′ is ample for some 0 < c′ < λ, where H ′ = φ∗H. Furthermore,
for the normalization ν ′ : (X¯ ′, ∆¯′) → (X ′,∆′) where KX¯′ + ∆¯
′ = ν ′∗(KX + ∆), every
irreducible component (X¯ ′(j), ∆¯′(j)) satisfies the following.
• |KX¯′(j) + ∆¯
′(j)|R 6= ∅ and the stable base locus of KX¯′(j) + ∆¯
′(j) does not contain
the image of any prime divisor P ′ over X¯ ′(j) satisfying a(P ′, X¯ ′(j), ∆¯′(j)) < 0.
Proof. We have λ < c, and, by rationality theorem [13, Theorem 1.18] we see that λ is
a rational number. We have KX + ∆ + λH = (1 −
λ
c
)(KX + ∆) +
λ
c
(KX + ∆ + cH).
Since KX+∆+ cH is ample, KX+∆+λH is semi-ample by [13, Theorem 1.15]. Thus,
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KX+∆+λH induces a projective morphism f : X → Z to a projective scheme Z. Since
KX +∆+ cH is ample and KX +∆+λH is Q-linearly equivalent to the pullback of an
ample Q-divisor on Z, the divisors H and −(KX +∆) are ample over Z. Furthermore,
any proper curve C on X is contracted by f if and only if (KX +∆+ λH) ·C = 0. We
put H¯ = ν∗H . For any irreducible component X¯(j) of the normalization X¯ → X , since
KX¯ + ∆¯ + cH¯ is ample and |KX¯(j) + ∆¯
(j)|R 6= ∅, the pullback of KX +∆+ λH to X¯
(j)
is big. This implies that f is generically finite. In this way, f : X → Z, KX +∆ and H
satisfy conditions of (4), (5), (6), (7) and (8) of Definition 5.2.
For any component X¯(j) of the normalization X¯ → X , let X¯(j) → Z(j) be the Stein
factorization of X¯(j) → Z. This is a birational morphism. Since KX¯ + ∆¯+ λH¯ ∼Q,Z 0,
applying [3, Theorem 1.1], the lc pair (X¯(j), ∆¯(j)) has a good minimal model over Z(j)
for all j. Therefore (X¯(j), ∆¯(j)) has the canonical model (X¯ ′(j), ∆¯′(j)) over Z(j), that is,
a weak lc model over Z(j) such that KX¯′(j) + ∆¯
′(j) is ample over Z(j), for all j. We put
(X¯ ′, ∆¯′) =
∐
j(X¯
′(j), ∆¯′(j)), and we consider the following diagram
(X¯, ∆¯)
""❋
❋❋
❋❋
❋❋
❋❋
//❴❴❴❴❴❴❴ (X¯ ′, ∆¯′)
{{✇✇
✇✇
✇✇
✇✇
✇
Z
where the birational map X¯ 99K X¯ ′ is defined by each birational map X¯(j) 99K X¯ ′(j).
By construction, this diagram is an MMP step as in Definition 5.2 for the disjoint union
of lc pairs (X¯, ∆¯). Indeed, (1), (2), and (3) are obvious, and (4) and (5) follow from that
(X¯ ′(j), ∆¯′(j)) is the log canonical model over Z(j) for all j. Since KX¯ + ∆¯+ λH¯ ∼Q,Z 0,
we have KX¯′ +∆¯
′+λH¯ ′ ∼Q,Z 0. Because KX¯′ +∆¯
′ is ample over Z, we see that −H¯ ′ is
ample over Z, where H¯ ′ is the birational transform of H¯ on X¯ ′. Therefore (6) and (7)
hold, and we have checked that (8) holds. From these discussion, the above diagram is
an MMP step with scaling of H¯.
For all irreducible components (X¯ ′(j), ∆¯′(j)), the hypothesis of Lemma 5.4 on (X¯, ∆¯)
and construction of the usual log MMP implies that |KX¯′(j) +∆¯
′(j)|R 6= ∅ and its stable
base locus does not contain the image of any prime divisor P ′ over X¯ ′(j) satisfying
a(P ′, X¯ ′(j), ∆¯′(j)) < 0. By (5) and the negativity lemma after taking common resolutions
of X¯(j) 99K X¯ ′(j), non-isomorphic locus of X¯(j) 99K X¯ ′(j) is contained in the stable base
locus of KX¯(j) + ∆¯
(j). From these facts, the above MMP step satisfies the condition
of [2, Theorem 9], therefore we can apply [2, Theorem 9]. We get a projective slc pair
(X ′,∆′) and a projective morphism f ′ : X ′ → Z such that (X¯ ′, ∆¯′) is the normalization
of (X ′,∆′). By [2, Lemma 12], the induced diagram
(X,∆)
f
""❋
❋❋
❋❋
❋❋
❋❋
φ
//❴❴❴❴❴❴❴ (X ′,∆′)
f ′
{{✇✇
✇✇
✇✇
✇✇
✇
Z
is an MMP step with scaling of H for (X,∆).
By construction of f , the divisor KX+∆+λH is Q-linearly equivalent to the pullback
of an ample Q-divisor on Z, so is KX′ + ∆
′ + λH ′, where H ′ = φ∗H . Since KX′ + ∆
′
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is ample over Z, we see that KX′ + ∆
′ + λH ′ + t(KX′ + ∆
′) is ample for some t > 0.
Put c = λ
1+t
. Since
∐
j(X¯
′(j), ∆¯′(j)) = (X¯ ′, ∆¯′) satisfies the condition of Lemma 5.4, the
diagram consists of φ, f and f ′ satisfies all the condition of Lemma 5.4. 
From now on, we prove Theorem 5.1.
Proof of Theorem 5.1. Put X = X0 and ∆ = ∆0. Let H0 be an ample Q-Cartier divisor
on X0. By Lemma 5.4, we may construct a sequence of MMP steps with scaling of H
(X0,∆0) 99K · · · 99K (Xi,∆i) 99K · · · .
Put λi = inf {µ ∈ R≥0 | KXi +∆i + µHi is nef }, where Hi is the birational transform
of H0 on Xi. By construction of each MMP step (Lemma 5.4), we have λi−1 > λi for all
i ≥ 1. For each i, let (X¯, ∆¯) be the normalization of (Xi,∆i). Let H¯0 be the pullback
of H0 to X¯0. Let H¯i be the birational transform of H0 on X¯i. By construction of MMP
steps (Lemma 5.4) and [2, Lemma 12], the sequence of birational maps
(X¯0, ∆¯0) 99K · · · 99K (X¯i, ∆¯i) 99K · · ·
is MMP steps for (X¯0, ∆¯0) with scaling of H¯0 and we see that
λi = inf {µ ∈ R≥0 | KX¯i + ∆¯i + µH¯i is nef }
because H¯i is equal to the pullback of Hi to X¯i. In particular, KX¯i + ∆¯i + uH¯i is nef
for all u ∈ [λi, λi−1].
To complete the proof, it is sufficient to prove that λm = 0 for some m and KXm+∆m
is semi-ample. By [21, Theorem 1.4] or [15, Theorem 1.5], semi-ampleness of KXm+∆m
follows from that of KX¯m+∆¯m. Since we only need to prove the semi-ampleness in each
irreducible component of (X¯m, ∆¯m), replacing (X0,∆0) by any irreducible component of
(X¯0, ∆¯0) and replacing (Xi,∆i) by the corresponding irreducible component of (X¯i, ∆¯i)
for each i, we may assume that (Xi,∆i) are lc. Note that after we replace slc pairs
(Xi,∆i), the birational maps (Xi,∆i) 99K (Xi+1,∆i+1) can be isomorphisms for some
i. By identifying all (Xi,∆i) such that λi are the same values, we may assume that
λi−1 > λi still holds for all i ≥ 1. Construction of MMP steps and the negativity lemma
show that (Xi,∆i + uHi) is a weak lc model of (X0,∆0 + uH0) for any u ∈ [λi, λi−1].
By the hypothesis of Theorem 5.1 and Corollary 3.10, we see that the lc pair (X0,∆0)
has a good minimal model. By [25, Theorem 1.7], we can construct a sequence of steps
of the usual (KX0 +∆0)-MMP with scaling of H0
(X ′0 := X0,∆
′
0 := ∆0) 99K · · · 99K (X
′
j,∆
′
j) 99K · · · 99K (X
′
n,∆
′
n)
such that (X ′n,∆
′
n) is a good minimal model. We set H
′
0 := H0 and
λ′j = inf {µ ∈ R≥0 | KX′j +∆
′
j + µH
′
j is nef } ,
where H ′j is the birational transform of H
′
0 on X
′
j . We show by induction that for any
0 ≤ l ≤ n, there is 0 ≤ k ≤ m such that λk = λ
′
l. It is clear that λ0 = λ
′
0. We prove the
case of l+1 assuming λk = λ
′
l for some k. If λ
′
l+1 = λ
′
l then λk = λ
′
l+1. If λ
′
l+1 < λ
′
l, then
(X ′l+1,∆
′
l+1 + u
′H ′l+1) is a weak lc model of (X0,∆0 + u
′H0) for all u
′ ∈ [λ′l+1, λ
′
l]. Since
(Xk+1,∆k+1 + uHk+1) is a weak lc model of (X0,∆0 + u
′H0) for any u
′ ∈ [λk+1, λk], by
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taking a common resolution g : W → Xk+1 and g
′ : W → X ′l+1 of the induced birational
map Xk+1 99K X
′
l+1 and the negativity lemma (see also [3, Remark 2.7]), we have
g∗(KXk+1 +∆k+1 + u
′Hk+1) = g
′∗(KX′
l+1
+∆′l+1 + u
′H ′l+1)
for any u′ ∈ [λk+1, λk] ∩ [λ
′
l+1, λ
′
l]. Since λk = λ
′
l and λk+1 < λk, the relation shows
g∗(KXk+1 +∆k+1 + tHk+1) = g
′∗(KX′
l+1
+∆′l+1 + tH
′
l+1)
for any t ∈ R. Thus, KXk+1 +∆k+1 + tHk+1 is nef if and only if KX′l+1 +∆
′
l+1 + tH
′
l+1
is nef. By definitions of λk+1 and λ
′
l+1, we have λk+1 = λ
′
l+1.
In this way, for any l there is k such that λk = λ
′
l. Therefore, there is m such that
λm = λ
′
n = 0. Thus (Xm,∆m) is a weak lc model of (X0,∆0). By taking a common
resolution h : W˜ → Xm and h
′ : W˜ → X ′n of the map Xm 99K X
′
n and the negativity
lemma, we have
h∗(KXm +∆m) = h
′∗(KX′n +∆
′
n),
hence KXm+∆m is semi-ample (see [23, Remark 2.10 (iii)] and [3, Remark 2.7]). Thus,
KXm +∆m is semi-ample for some m. From this, Theorem 5.1 holds. 
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